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I. INTRODUCTION

The fundamentals of path integral methods in string theory are reviewed with emphasis in the development of
the Faddeev Popov ghost that emerge from overcounting of configurations and the conditions that the string theory
requires for maintaining Weyl invariance. Since the lecture is presented for a course that does not assume previous
knowledge in string theory, I include an introduction to both bosonic and superstring theory (in the RNS formalism).

This text begins with an introduction to bosonic string theory, we study the symmetries of the Polyakov action, we
work out the canonical quantization of the theory to calculate its central charge. Later the path integral formulation is
introduced with the appearance of Faddeev-Popov ghosts, we consider their canonical quantization for computing the
central charge. The total central charge generates an anomaly in the Weyl invariance of the theory. The vanishing of
such term has powerful implications that yield conditions related with the possible physical states and the dimensions
of the theory. We also introduce the BRST quantization and construction of the spectrum of the theory by means of
representation theory. Once the fundamental are presented we do essentially the same steps with superstring theory,
excluding the part of BRST quantization; since the procedure is very similar to the bosonic case, it will be a brief
discussion emphasizing mostly with fermionic coordinates.

This review does not include several important topics including background fields (such as the graviton and
dilaton) in the path integral formulation of bosonic and superstring theory (which is extensively discussed in [I]
and [2]), or the calculation of scattering amplitudes with path integrals (again can be studied in [I] and [2]) and
related topics of global topological properties of string theory. Also we do not consider more than the RNS formalism
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for superstring, since it’s uncommon of finding in the literature (it’s particularly difficult for the GS formalism [2],
although it arises naturally in the pure spinor formalism [3]). We will adopt natural units with # = ¢ = 1, and use
the convention roman indices (such as p, v) for space-time variables, and latin indices (such as a, b) for world sheet
variables. The Minkowski signature is chosen to be (—,+,...,+) in D space-time dimensions.

II. FUNCTIONAL METHODS IN BOSONIC STRING THEORY
A. Polyakov action

Let us recall that the motion of a relativistic particle of mass m in a curved D-dimensional space-time can be
formulated as a variational problem. Since the classical motion of a point particle is along geodesics, the action should
be proportional to the invariant length of the particle’s trajectory:

So = —a / ds (1)

where the line element is given by ds? = — g, (X)dX*dX", and « is a constant which leads to the correct non-
relativistic limit only if it’s equal to the particle’s mass m, that is & = m. Here g, (X), with p, v =0,...,D — 1,
describes the background geometry, which is chosen to have Minkowski signature. The particle’s trajectory X, (7),
also called the world line of the particle, is parametrized by a real parameter 7, but the action is independent of the
parametrization, which can be easily checked. The resulting action

S = —m/ Vg (X)dX X"

contains a square root, so that it is difficult to quantize. Furthermore, this action obviously cannot be used to describe
a massless particle. These problems can be circumvented by introducing an action equivalent to the previous one at
the classical level in the sense that it leads to the same classical equations.

The action can be generalized to the case a p-brane sweeping out a (p + 1)-dimensional world volume in
D-dimensional space-time, constraint to p < D, by:

Sp =T, / dpy. (2)

where T, is the p-brane tension and dy, is the (p + 1)-dimensional volume element given by:

A% = Gy (X)0a X1 O, X dP 0 3)

where a, b =0, ..., p. The brane world volumes can be parametrized by the coordinates oy = 7, which is time-like, and
o;, which are p space-like coordinates. We shall study the case of strings (1-branes) in a D dimensional space-time.
The string sweeps out a two-dimensional surface as it moves through space-time, which is called the world sheet. The
points on the world sheet are parametrized by the two coordinates ¢ = 7, which is time-like, and ¢! = o, which is
space-like. If the variable o is periodic, it describes a closed string. If it covers a finite interval, the string is open.
The space-time embedding of the string world sheet is described by functions X,,(o, 7). The particular action of a
string moving in flat space-time is the Nambu-Goto action

oo fonf (B (Y ()
or 80 or do
The integral appearing in this action describes the area of the world sheet. As a result, the classical string motion
minimizes the world-sheet area, just as classical particle motion makes the length of the world line extremal by moving
along a geodesic. The quantization of the Nambu-Goto action is complicated because of the square root, so we may
instead write an action that reproduces the same classical equations of motion as the Nambu-Goto action, which is

the string sigma model action, or also called the Polyakov action. This action is expressed in terms of an auxiliary
world- sheet metric hqp(o, 7) (whereas g, denotes a space-time metric), and it’s given by:

T
S, X] = — / PV Rh™8, X 0,X .. (@)
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FIG. 1: The world sheet for the free propagation of an open string is a rectangular surface, while the free
propagation of a closed string sweeps out a cylinder.
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FIG. 2: The embedding of the string world sheet in space-time

where h = det(hgp) and h® = (h™1),,. It’s important to calculate the world-sheet energy momentum tensor to make
canonical quantization later on. Since there is no kinetic term for hy;, in the action, the energy momentum will be
zero by the Euler-Lagrange equations, that is:

— 2 1 6S[X? h] _ 1 cd —
Tab = —Tﬁw = (%X abX ihabh aCX adX == O (5)

B. Symmetries

e Poincaré transformations. These are global symmetries under which the world-sheet fields transform as
0X, =a, X" +0b, and O0hg =0.

Here the constants a,, (with a,, = —a,,) describe infinitesimal Lorentz transformations and b,, describe space-
time translations.

e Reparametrizations. The string world sheet is parametrized by two coordinates 7 and o, but a change in the
parametrization does not change the action. Indeed, the transformations

_orop
= 9oa dgb et

0% = f%o)=0"" and hg(o)

leave the action invariant. These local symmetries are also called diffeomorphisms. This implies that the
transformations and their inverses are infinitely differentiable.



e Weyl transformations. The action is invariant under the rescaling:
hap — €*@Dhy, and  §X, =

because v/—h — e?v/—h and hq, — e~ ?h? give cancelling factors. This local symmetry is the reason that the
energy—momentum tensor is traceless.

Poincaré transformations are global symmetries, whereas reparametrizations and Weyl transformations are local
symmetries, which can be used to choose a gauge.

C. Equations of motion and boundary conditions

It is very convenient to introduce world-sheet light-cone coordinates for solving the equations of motion. Let’s

define 0 = 7 + ¢. In these coordinates the derivatives and the two dimensional Lorentz metric takes the form:
1 n Ny 1 /01
Or = ~(0r 0, d ) = . 6
= 2( ) an <n+ N—— 2\10 (6)

In light-cone coordinates the wave equation for the embedding is:

0? 0?
a U __ U __ U __
0,0 XH = <€)2+82)XI =0,0_X"=0. (7)
The general solution involves right Xz(o") and left X (o) movers, with the constraint (9_Xg)? = (04 X1)? = 0.
In this coordinates, the vanishing of the energy momentum tensor becomes:

T++ = 8+XM8+XM = O, T _ = anManM = 0, (8)
while T, _ = T_, = 0 automatically. For extremizing the action we require the following boundary terms to vanish:
dx,|”="
7 / ar el )
do |,

where we have chosen o € [0, 7] (we could have chosen any length ¢ for the interval instead of 7, it’s just a matter
of convenience that does not affect the quantization of the string modes). The only boundary conditions that are
consistent with @ are:

e Closed string: The embeddings are periodic X#(o, 7) = X*(o + 7, 7). The most general solution of (7)) with
this boundary condition is:

1
Xy = ot + 12 fl Z —alie 27~ (10)
n;ﬁO
1
Xy = 5a:#jufl l Z attem 2o (11)
n;ﬁO

where x* is a center-of-mass position, p* is the total string momentum in the string center of mass, and [y is
called the string length scale, related with the string tension and the open-string Regge slope parameter o’ by

1 1
T=— "= 12
dral’ @ 27

e Open string with Neumann boundary conditions: The component of the momentum normal to the

boundary of the world sheet vanishes, that is: aa)fr L =0 at ¢ =0, m. The general solution:

m
. (6% —i
XH(1,0) = ' + 2phr + il g —Re™"™MT cosmo.
m
m##0



e Open string with Dirichlet boundary conditions: The positions of the two string ends are fixed, so
dXH =0, X*|yo0 = X} and X#|,—r = X¥, where p=1,...,D —p — 1. Neumann boundary conditions break
Poincaré invariance, so they were not consider until it was realized that they are of fundamental importance
for the existence of Dp-branes (hypersurfaces where the string can end, so the total system conserves Poincaré
invariance). The general solution:

ot .
XH(r,0) = at + IPphT 4l Z —e™"T sinmo.
m
m#0

This solution can be obtained from a T-duality applied to an open string with Neumann boundary condition,
see for example section 6.1 of [4].

In any of these cases the canonical momentum conjugate to X* is given by:

_8S[X,n] , 0X"

pPH = =T . 12
@ 7) = 5o, x, or (12)
With this definition of the canonical momentum, we may calculate the relevant Poisson brackets
{P*(o, 7), X¥(0, T)} p g = 6""6(c — ¢’) in terms of the Fourier coefficients a#, a!. The world-sheet theory can
be quantized by replacing the Poisson brackets by commutators in the case of bosons, {...}p 5 — i[-- -], leading to:
[O#m O‘Z] = [dlrln,? 54;’;} - m77W5m+n,07 [O‘fm dZ] =0. (13)

where «,,, m > 0 destroys particles, and «,,, m < 0 creates particles. One may insert the closed-string mode
expansions for X and Xp into the energy momentum tensor of Eq. to obtain:

T =22 Lpe ™", Typ =22 Lpye 2™+ (14)
m m
where the Fourier coefficients are Virasoro generators
1 ~ 1 - -
L’H’L = 5 Z Qi —n, * Oln, L’rn = 5 Z Qo —n * On. (15)
n m
In quantum theory these operators are defined to be normal-ordered, that is
1
L’m = 5 zn: L Qm_n  Qp

such that in the lowering operators always appear to the right of the raising operators, i.e.

QU (X ifm<n
e S (16)
ApQy,, ifn < m.

This prescription is motivated by the fact that the Hamiltonian (which follows from Eq. )
T "l /ox\? [oXx\°
H=-— — — d 17
2/0 (67‘) +(80)]0 (17)

H= Za_n -, (18)

for an open string is given by:

so that acting on vacuum it should be anhilated instead of raised which is the case when n < 0 in the previous
expression, therefore to correctly describe the quantum problem we require the normal ordered expression

H:Z:a_n~an:.



Using the commutators for the modes o, one can show that in the quantum theory the Virasoro generators for
the embeding X satisfy the relation:

(Lo, Ln] = (M — 1) Lingn + ~—m(m? — 1)8m-sn.0- (19)

12
where ¢ = d is the number of space-time dimensions. In the classical theory we would had found that [L,,, Ly]p 5 =
i(m—n)Lytn. The term proportional to ¢ is a quantum effect, the term accompanying c is called the central extension,
and c is called the central charge.

Also notice that from the normal ordering ambiguity when imposing the constraint that the zero mode of the
energy—momentum tensor should vanish, the only requirement in the case of the open string is that there exists some
constant a such that

(Lo —a)[$) =0

Here |¢) is any physical on-shell state in the theory, and the constant a will be determined later.

D. Polyakov path integral

From the action for bosonic string theory, we may attempt to quantize the theory starting from a generating
functional and implement the Faddev-Popov techniques for interpreting the gauge theory. The integral runs over all
metrics and over all embeddings X*(o, 7) of the world-sheet in Minkowski spacetime:

Z= / Dh(o, 7) DX (0, 7) M X] (20)

where S is the Polyakov action, and f Dh(o,7) denotes an integral over the three independent components of the
metric hgg, hio and hy1 (because it’s a symmetric tensor), or equivalently in the light cone coordinates hy., h__,
h_4. We could had done a Wick rotation and work with an Euclidean signature in h,, it make no difference.

There are 2 popular paths that we could follow to develop the functional integral. In Ref. [2], the functional
integral over Dh is performed on the independent components of the metric hy; and h__ and the world-sheet metric
is gauge fixed to haqp = €1nqp. In Ref. [I] the functional integration over Dh is performed on the diffeomorphism and
Weyl parameters, and the metric is gauge fixed to a generic form hap. We shall follow this later treatment since it’s
more formal and the interpretation of Faddeev—Popov becomes easier.

Let’s start from the fact that the action is invariant under a general diffeomorphism ¢® — 0% —€*(o, 7) combined

with a local Weyl rescalings h,p, — e20(o, T)hab, so that:
XH — XH 4 €49, X+, (21)
1
hay = hap + (P - €)ap + (21\ + §D . 6) hap (22)

where (P - €)qp = Da€y + Dyeq — hap(D - €), and Dyop = Oq0 — Iy 0. is the covariant derivative for a curved world
sheet, which involves Christoffel symbols I'¢,. The operator P maps vectors to a symmetric traceless 2-tensors:

(P . €)ab = P(fbec, with P«fb = (S(CbDa) — hay D€

where fagp) = fagb + foga. Also notice that the effect of (P - €)q; on hay can be undone by Weyl rescaling. The
corresponding ¢, are called conformal Killing vectors.

If for fixed hgp, the parameters ¢ = (e, A) run over all diffeomorphisms and Weyl rescalings then h¢ = h + 6h
runs over all metrics. Given some functional of the metric, F'[h], we can rewrite the path integral:

OP ¢, A
Oe, A~

where we introduced the Jacobian determinant for the integral over the gauge parameters ¢, which can be trivially
evaluated:

/ Dh F[h] = / D(P - ¢)DAF[h?] det (23)

detaP.E’A_‘P 0

1

de. A ‘ =det P



where the * indicates that the value doesn’t matter since it’s multiplied by 0 in the evaluation of the determinant.
Therefore, Eq. becomes:

Z = / DC DX det Pexp [z‘S[X, EC]} (24)

Note that S[X, h¢] = S[X¢ ', h] because the action invariant under combined diffeomorphisms and Weyl transforma-
tions. If and only if the functional measure is also invariant, then we can perform such a gauge transformation to
obtain:

Z = / Depx< ST o p (25)

and we can relabel X¢ — X. Then D( factors out and yields an overall volume of the group of diffeomorphisms
and Weyl rescalings, which was our goal. Omitting this overall factor we arrive at

Z= / DX S h det P (26)

Notice however that the measure D{DX is in general invariant only under diffeomorphisms, not under Weyl rescalings.
Later we will find that criticality (i.e. @ = 1, d = 26) is equivalent to the absence of this total Weyl anomaly in the
quantum measure.

Also we assumed that every metric h can be written as h = h¢ for precisely one (. However, the conformal Killing
transformations are residual gauge symmetries not fixed in the previous treatment. These extra parametrisations must
not be included in the path integral in order to avoid overcounting, so they must be fix when computing scattering
amplitudes. Also if the string worldhseets have complicated topology the metric contains extra parameters, called
moduli, not accounted for by local gauge transformations (. We must therefore sum over these moduli separately.

We may use the Faddeev-Popov procedure to write the determinant of PS, in terms of fermionic ghost ¢ and

1 ~
det P = / Db(apy D exp(4 / dQJ\/—hbabebcd> (27)
7l

Here bqp)(0®) transforms as a symmetric traceless tensor on the worldsheet and c?(0%) as a vector, and the factor ﬁ
in the exponential is merely conventional. These ghosts are fermionic objects with integer spin. After integration by
parts in the ghost action:

antighosts b:

Z = / DXDbDe ! (5x+5) (28)

where:

| . i [
SX = _@ /d20' —hh baaX . abX, Sg = —g /d2(7 —hh bcdDab(ab)-

e The equation of motion for ¢® is given by P-¢ = 0. Therefore the normalisable solutions for ¢* are in one-to-one
correspondence with the conformal Killing vectors, which are the generators of the residual symmetry.

e The equation of motion for b(4p) is Db = 0.

Let’s use the Minkowski metric as the reference metric: iALab = 7gp. The matter and ghost action in flat lightcone
coordinates read

1 1
SX + Sg[b, C] = ;/dQU |:0/6+X . an + i(0+8,b++ + C_8+b7,) .

From the traceless of the symmetric tensor by, we see that b, = b_, = 0. The equations of motion for the ghosts
become:

8+b77 = a,b++ = O, 6+C_ = 670—"_ =0. (29)



provided the boundary terms obey

O=T

/dT (cTobyy —c 6b__) =0

o=0

that we pick in the process of varying the action. As before we can classify the boundary conditions and solutions by:

e Closed string: b(c + 7) = b(0) and ¢(o + 7) = ¢(0). The most general solution:

bip =4 bye "7, bo_=4) bye -, (30)
n n
¢t = 126 e~ 2o+ ¢ = lz e 2o (31)
- 2 - n ) - 2 ~ n .

The normalization is chosen such as to lead to nice expressions for the anti-commutator in the quantum theory.

e Open string: Boundary terms must vanish at ¢ = 0 and ¢ = 7 separately. One way of doing that:

)

=0b__(c7)

and by (o (32)

o=0,m o=0,m

The most general solution:

C:t — Z Cne—inai’ b:l::l: — Z bne—incri (33)

The conjugate momentum of the anti-ghost field by follows from the action as

_ 05glb, ] _ i o
Hbii - aaTbj::t - %C (34)

with canonical Poisson-bracket relation
{bii(Tv U)? Hbii (T7 U/)}P.B. - 5(0’ - O'/).

To quantise this system we must take into account the fermionic nature of the b and c-fields. As is well-known
from quantisation of fermions in QFT, the correct procedure is to replace the Poisson-bracket by —i times the anti-
commutator. Thus,

{b++(7’70'), ct(r, U/)} =276(0 — o’), {b,,(T7 o), ¢ (7, 0'/)} =276(0 — o’) (35)
This corresponds to the anti-commutator relations for the modes:
{Cm7 bn} = 5m+n,0a {Cmv Cn} = {bma bn} =0 (36)

with the same relations obeyed in addition by &, by, for the closed string.
The ghost-energy momentum tensor 7 follows from the full non-gauge fixed action as

4w 8S4[b, ¢, h]
Tég) = —7, g(;hab (37)
In the lightcone gauge its non-vanishing components are:
. 1 T —2ino
T‘E‘ﬂ)‘ = —z(26++3+c+ + (3+b++)c+) = 5 ZLSLQ)E 2 y (38)
1 .
TY = —i(2b__9_c +0.b__)c) = 5 3 Lpe2ine (39)

with corresponding Virasoro generators, for the closed string:

1 (7 , ~ 1 [T )
L%g) = _7/ doe2moT__| L£§> = ——/ doe* T,
47 0 47 0



and similar formulae for the open string. In terms of modes we can check that:

LY = Z(m — N)bimnCn (40)

n

which is valid classically. At the quantum level the Virasoro operators are defined as the normal ordered analogue of
this classical expression. Normal ordering requires lower-level modes to the left. Due to the anti-commuting nature
of the modes, we pick up a minus sign in this process if we have to change the order of the modes, i.e.

bimbn, Im<n
t by, = 41
o {bnbm, if n <m. (41)

and similarly for : ¢,,c, : as well as for : b,,c, :. Then,

LY = Z(m — 1) bpnCon (42)

n

This yields the Ghost Virasoro-algebra (check it as an exercise):

n m—+n

1
[Lﬁg), L(g)} =(m— n)L(g) + é(m —13m*)0min.0-
Notice that the central charge would be —26. The generators ng) are bilinears in the fermionic ghost modes and thus
bosonic. This is why they indeed satisfy commutator (as opposed to anti-commutator) relations. The algebra of the
conformal transformations of the full action S = Sx + S is generated by the combined Virasoro generators

Lot = LGO + LY — a6, 0, (43)

where we conventionally include a total normal ordering constant a'** into the definition of L%, which is the sum of
the normal ordering constant for the X and for the ghost fields,

atot — o) 4 g9,

with a®®! as the total normal ordering constant in the definition of Lot

at?t = o) 1 g0 — q.

aX) corresponds to d — 2 physical transverse of the X-oscillations together with a contribution from the X° and
X941 unphysical components because we are in a covariant gauge. We could compute a(9) and a9 in terms of the
number of space-time dimensions [5]. However we can directly derive the total contribution which would involve only
the physical degrees of freedom, since the ghost system cancels the contribution from the unphysical non-transverse
polarisations a feature that also appears in the BRST quantisation.

It’s easy to verify that the combined Virasoro generators satisfy the commutation relations

tot

(Lt L = (m —n) LY + G, (612( °—m)+2m(a— 1)> (44)

where ¢ = d — 26 is called a central term. This central term generates an anomaly in the Weyl invariance of the
full action Sx + S, because the Virasoro algebra for the generators is modified. The only way to eliminate the Weyl
anomaly is when

This tells us that the X-theory must cancel the conformal anomaly of the ghost system, so that the anomaly of the
full quantum theory is absent; which is called criticality. What is actually fixed is not the number of spacetime
dimensions, but the central extension of the embedding ¢X) = d.
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E. BRST quantization

The full action Sx + 5, after gauge fixing hqap = 14, enjoys a global, fermionic, residual symmetry. Let € be a
constant Grassmann parameter. Then this symmetry is generated by the transformations:

S XM =€(ct0p +c0_)XH, (45)
Sect =€e(cTOy +c70)cE, (46)
Sebor = ie(T) +T9)). (47)
+

Note that the transformations of X*# are just the conformal Killing transformations with fermonic parameter ec*.
This symmetry is named BRST symmetry (after Becchi, Rouet, Stora, Tyutin). Via Noether’s theorem one can define
a BRST charge operator Qp as the conserved charge associated with a suitable BRST current.

As always, this charge will then generate the underlying symmetry. Explicit application of the Noether procedure
confirms that the BRST charge is fermonic as expected. It generates the BRST symmetry in the sense that

(SGX“ = E[QBa X'u]’ 6EC:|: = G{QB7 Ci}, 6ebii = G{QBa bii}' (48)

One can show explicitly that (for open strings):

Qp = Z : (L(_);z + L(_g,)n — 0 0)Cm (49)

m

does the job (and analogously for the left- and right-moving charges in the closed string). In particular QJr = Qp.
An important property of the BRST symmetry is that it is nilpotent:

000® =0 for ® € {X", b, c},

which means that the charge is nilpotent @% = 0. In the quantum theory, the evaluation of Q% = %{Q B, Qp} is

complicated by normal ordering subtleties. By an explicit computation it can be found that:

Q5 = %{QB, Qp} = %Z( (Lo L]+ (m =) L ) emen, (50)

m,n

which vanishes if and only if the full Virasoro algebra is non-anomalous, the same case for the critical string with
(d = 26, a = 1). This means that consistency of the BRST symmetry is equivalent to absence of the total Weyl
anomaly.

The nice property of BRST symmetry is that it gives the correct physical state condition. A physical state must
be gauge invariant. Given the relation between the gauge transformations and the BRST symmetry it is therefore
reasonable to expect that a physical state must be invariant under a BRST transformation. A necessary condition
for a state to be physical is that:

QB |phys) = 0.

Indeed since Qp acts on X as the (residual) symmetry this implements in particular the constraints resulting from
gauge fixing (here the Virasoro constraints). This, however, is not enough. Namely there exists a large set of trivially
physical states given by

xX) = QB |¥), for |U) arbitrary (51)

because of the nilpotence of @Qp. These states are null, i.e. they are orthogonal to all physical states including
themselves, (phys|x) = (phys| Qg |¥) = (phys| QL |¥) = 0. and (x|x) = (¥| Q% |¥) = 0. States in the kernel of Qp ,
|x) such that @p |x) = 0, are called Q-closed, while those in the image of Qp, |x) = @p |¥), are called Q-exact.



11

To define a positive norm Hilbert space we need to divide the set of Q-closed states by the set of Q-exact states, which
is given by

Hclosed
Hexact

HprsT = = cohomology of @ p.

States differing by elements of Heyact are in the same equivalence class:

V) =[¥) + Qp[x) (52)

The concept of a cohomology as the kernel over the image is defined in mathematics for every nilpotent operator.

The probably most famous example is the exterior derivative d that maps a p-form to a p + 1-form. In this context

the p-th cohomology group is defined as HP = %.

F. Representation theory

o make all of this explicit we need to define a vacuum |0) = IO(X)> ® ‘0(9)> for the full theory defined by
Stot — §(X) 4 §(9)  act with creation operators associated with X, b and ¢ on each factor and then implement the
physical state condition. As before ¢, b,, for n < 0 act a s creators, while for n > 0 act as annihilators. This is
consistent with the normal ordering prescription (”creators to the left”) and with the form of the zero-level Virasoro
generator

oo

Lg" = > (nb_ncn + nc_nby).

n=1

Since the ghost Hamiltonian H(¥) L(()g) we are reassured that b_,,, c_, take the role of creators. There is an

important difference compared to the X-sector, though: Since the zero modes by, ¢y do not appear in Lég ) they must
be treated separately. From the anti-commutation relations we deduce that the zero-modes ¢y, by form an algebra
defined by

a=b=0, {co, bo} =1 (53)

A state in the ghost sector must furnish a representation of this algebra. The smallest representation contains two
states 1), |J) such that

colb) =11, clt) =0, bo|t) =), bol})=0. (54)
We could make two inequivalent choices for the full vacuum:

0=y = o) & 1) = 10,1)

The vacuum is annihilated by ¢y and by «,, , ¢,, b, with n > 0.

jotet) = IO(X)> @) =10,4)
The vacuum is annihilated by by and by «, , ¢,, b, with n > 0.

To gain some intuition which is the correct one we evaluate the BRST condition on the special subset ’\I/(X )> ® |
and, respectively, ’\I/(X )> ® |{) contained in the spectrum that results from the two choices of vacua.
Consider first case 2.). The physical state condition implies Qp |x) = 0. For |x) = ‘\I/(X)> ® |J) this gives

1
0=Qslx) = (L5 + 5L, — abuo)em : [X). (55)

m
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Using ¢p, |X) = bm |x) = 0 for m > 0 and setting a = 1 this becomes

0=Qplx) = [(L§ ~Deo+ Y c-mL§O| v). (56)

m>0

Evaluating the action of the ghost modes on the vacuum yilds
(L) = 1)) =0 and LX) |y) =0, ¥Vm > 0.

This recovers the correct constraints. By contrast, case 1.) with vacuum |0, 1) does not allow us to recover the known
constraints in this simple fashion. This suggests that only |0, ) is a meaningful vacuum. Note that the two vacua are
distinguished by the defining property bo |0, ) = 0.

This means that positive norm physical states are the states Qp|¥) = 0 modulo |¥;) = Qg |x) built on [0%) =
10,p)?) @ 1)@ that satisfy in addition by 1)) = 0.

Now we can deduce the number of physical states in the bosonic open string spectrum. For the first level we
make the ansatz

W) = (ua’y + Bb_y +~c_q) |[07F).
This gives us 26 + 2 states to begin with.
e From by |¥) = 0 we deduce 0 = {Qp,bo} |¥) = L |¥). This yields the mass shell condition p* = 0.
e Qp|¥) =0 leads to

0=((p-&c-1+Bp-a_1)]0)

which is satisfied by p-£ = 0 and 8 = 0. Thus requiring Q-closedness therefore removes the unphysical anti-ghost
excitations as well as all polarizations that are not orthogonal to the momentum, thereby eliminating 2 out the
26+2 original states.

e To analyze |¥) = |x) + Qp |x) we observe that for a general state |x) = (x - a_1 + 8'b_1 + ¥ c_1)ket0t! at level
n=1 we have:

Qe lx)=((p-x)e—1+ B'p-a_1)[o").

This shows that ¢~! |0!°!) is BRST exact and the polarisation vector is only defined up to the equivalence
Xt =x"+ppt, peC

Thus we are left with 24 physical positive norm states. This is the exact same number of states that we would have
obtained in the gauge fixed canonical quantization of X* without ghost, as required.

ITII. FUNCTIONAL METHODS IN THE RNS FORMALISM
A. Superstring theory in the RNS formalism

Untill now we have consider a theory that only has bosonic coordinates, described by an action that contains
kinetic terms for bosons propagating on the worldsheet. It seems natural that, in order to produce fermions in the
spectrum as we desire in a theory that is supposed to be able to describe our world, we should add the kinetic terms
of some fermion. This is one of the motivations for writing a supersymmetric action. Also it can be shown that
tachyons appear in the bosonic string spectrum (we have not explored for tachyons in the string spectrum since it’s
not relevant for developing path integral methods), which are unphysical since they imply an instability of the vacuum.
We may generalize the bosonic string action to include supersymmetry which can be shown to elimination tachyons
in a consistent theory. The most common approaches to superstrings:
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e Ramond-Neveu-Schwarz (RNS) formalism which is supersymmetric on the string world-sheet.

e Green-Schwarz (GS) formalism, supersymmetric in ten-dimensional Minkowski space-time or in other back-
ground space-time geometries.

e The pure spinors formalism that is both supersymmetric in the world-sheet and space-time.

Let’s study the RNS formalism in the simplest case of N' = 1 supersymmetry in the world-sheet. The desired action
is obtained by adding the Dirac action for D free massless fermions to the free theory of D massless bosons.

S= *gi / o [0, X 0p XY — i p* Dty ] &7

™

where we are considering o = 1/2, and ¢4 is a D-plet of Majorana spinors (which means they are two-component
real spinors ¢" and %) transforming in the vector representation of the Lorentz group SO(D — 1,1), and p* are
two-dimensional Dirac matrices.

It may seem counterintuitive to introduce an anticommuting field ¢* that transforms as a vector (bosonic repre-
sentation) of SO(D — 1, 1). This choice simply maps in space-time, bosons to bosons and fermions to fermions. The
Lorentz group SO(D — 1, 1) is an internal symmetry in the world sheet view, and the spin and statistics theorem
says nothing whether anticommuting fields should transform as vectors or spinors under an internal symmetry.

The action can be expressed in light cone coordinates as

S = %/d%—@mx CO_X +ih O+ iy - O_tby) (58)

We may derive equations of motion in the light cone coordinates, for bosonic coordinates we would recover the previous
results in , and for the fermionic coordinates:

O4p— =0 and O_1). (59)
The energy momentum tensor of the RNS string follows from the action:
Tup = 0a X" X, + i&“paam - iz[;“pﬁaa% — trace. (60)
The action is also invariant under a transformation
OXH =ept and oY* = p?9,X"e

where € is a constant infinitesimal Majorana spinor. There is a conserved current that can be constructed by taking
the e parameter to be non-constant, so we may find the total variation of the action under such variation:

58 ~ / d?c (0,€)J%, where J§ = —%(pbpad)#)AagX“‘ (61)

Written in terms of world sheet light-cone coordinates, the non-zero components of the energy-momentum tensor and
supercurrent are:

T++ = 8+X#8+X” + %wiav“llurua T _ = 8,X“3,X“ + i%wﬁafw*“’ (62)
Jy=9ho. X, and J_ =9¢"9_X,,. (63)

From equations of motion in the world-sheet metric, it can be shown that analogous to the bosonic case we have
Jy =J_ =T,y =T__ = 0. By considering variations of the fields 1)+ one requires the vanishing of the boundary
terms in the variation of the action,

ss~ [ w(wm SRR VAl EIP NA

O=T

J: ) —0. (64)
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B. R and NS sectors

Let’s focus on the open string case with Neumann conditions for the embeddings X*. In the opens string case
the two terms in ) must vanish separately. This is satisfied if ¢/ = :I:w” at each end of the string. The relative
sign between ¢} and " is a matter of convention. We may choose +| =y | o> and the sign at the other end
of the string is the one physically meaningful.

e Ramond boundary condition: Choosing both ends of the string with the same sign:

P =gt (65)

O=T O=T

This boundary condition gives rise to space-time fermions in the case of open strings. The mode expansion of
the fermionic field in the R sector:

W (o, T) deﬂe*m“ ), (o, 7) deu e mirte) (66)

neZ neZ

The Majorana condition requires these expansion to be real, hence d”, = d“f. The normalization factor is just
a matter of convenience.

e Neveu-Schwarz boundary condition: Choosing an relative minus sign:

i I (67)
This NS boundary condition gives rise to space-time bosons. The mode expansions:
wu (O’ 7_ Z b,u —ir(r— 0)’ ,¢+ (0_ 7_ Z b/_L —ir(t+o) (68)

€Z+2 reZ+i

From now on we follow the convention m, n € Z while r, s € Z + %

In the case of closed strings (which is not much relevant for the rest of the review) we would need to choose
between the possible periodic boundary conditions that make the boundary term to vanish:

Yi(o, 7) =L (oc+ 7, 7). (69)

The positive sign gives periodic boundary conditions while the negative on gives antiperiodic boundary conditions.
We may impose periodicity (R) or antiperiodicity (NS) of the right- and left-movers separately. For the right movers
one can choose:

Wi, )= S de I or (g, ) = 3 ble (70)

n T

T) = Zdﬁedi"”ﬂ or Yi(o, 7) = Z e 2ot (71)

Therefore we have 4 possibilities for pairing the left- and right-movers for the closed strings. The NS-NS and R-R
sectors are space-time bosons, while NS-R and R-NS sectors are space-time fermions.

For now on the discussion focus solely on open strings, the extension for open strings is straightforward. The
Fourier modes for the space-time coordinates X* have the same commutation relations as with bosonic strings,

[0%7 am = m(;ern,OnW/ (72)

For closed strings there would be a second set with modes & . The fermionic coordinates obey the Dirac equation
on the world sheet, with canonical anticommutation relation given by:

{via(o, 1), (o’ 7)} = m0apd(o — o) (73)



15

so that inserting the mode expansions we would find:
{br, b} =n""6r1s0 and Ady,, di} = 0" 6min0- (74)

There is an important discussion on how to construct the superstring spectrum using these operators on the states
of the R or NS sectors, the reader is refereed to any of the recommended textbooks for this discussion. We shall
concentrate on finding the central charges for each sector. The super-Virasoro generators are modes of the energy
momentum tensor Ty, and supercurrent J4. For the open string:

L == / doe™ T, , = LY + LD (75)

—T

e The bosonic mode contribution is given by:

1
ng) = 5 Z CQp Qg L (76)

e The contribution from the fermionic modes in the NS sector:

1 m
L) =52 rt g) b b (77)

T

The modes of the supercurrent can be written as:

_ V2 [T
_ﬂ'

—T

G, do 7T = a_p by (78)

e The contribution from the fermionic modes in the R sector:

1 m
LY = 5 > (n+ o) i g (79)

n

The modes of the supercurrent can be written as:

_ V2 [T
771'

—T

F,, do BimUJ_A,_ = Z Q_p - d7l+7n (80)

Now we can determine the super-Virasoro algebra for the modes of the energy momentum tensor and the supercurrent.

e For the R sector:

D
(L, Ln] = (m —n)Lppyn + §m35m+n,o, (81)
m
[Lm7Fn] = (5 _n>Fm+na (82)
D
{Fm7 Fn} = 2Lm+n + §m25m+n,0- (83)
e For the NS sector:
D 2
[Lin, Ln] = (m —n)Lppgn + gm(m — 1)0m4n,0s (84)
m
(s Gl = (% = 7) Gt (85)

D 1
{Gm Gs} = 2Lr+s + 5 (Tz - 4>57‘+s,0~ (86)
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When quantizing the RNS string one can only require that the positive modes of the Virasoro generators annihilate
the physical state. In the NS sector the physical-state conditions are:

Grlo) =0, Lm|¢) =0, (Lo—ans)ld)=0. (87)

where » > 0, m > 0, and ayg is a constant introduced to allow for the normal-ordering ambiguity. Similarly, the
physical state conditions in the R sector:

Folg) =0, Lm|¢) =0, (Lo—ar)|¢)=0. (88)

From the expressions we can identify the central charges for each sector. By an analogous development respect with
bosonic string theory, we will be able to identify the critical values for ayg, ag and D for the theory to be Lorentz.
It can be found with such results that no tachyons would be present [4]. However that is a whole other discussion, we
will focus on developing the Faddeev—Popov ghosts using path integrals and and derive its central charges, as in the
bosonic case. Futhermore we classify from the chirality of the string spectrum 3 of the 5 types of superstring theories,
namely type I, type ITA and type IIB, however this detail is not relevant for the present discussion.

C. Local symmetries of the action

Consider that the world-sheet metric h,, depends on the o, 7 coordinates; so that we can explore the local
symmetries in the gauge fixed action . Reparametrization invariance and 2-dimensional local Lorentz invariance
on the world sheet can be implemented by replacing for an action:

Sy = — % / d*ov/—h{h"0, X" 8, X" — i)"p"Datpy, }. (89)

where we are suppressing the spinor indices, and h = det{hq,}. The reader might wonder what do we even mean by
covariant derivative of an spinor.

For this purpose it’s useful to write the metric hyp of a D-dimensional manifold M (in contrast with the world
sheet case that we have studied so far that is only 2 dimensional) in terms of orthogonal tangent vectors eg, chosen
respect to some local inertial frame at each point of M. The index a’ is the name of each one of these tangent vectors,
and a is a vector index. eg' is called vielbein, where bein is the suffix indicating frame and the prefix is a german
word indicating the dimension. We may express:

’

’ b /b/ b ’ b/
hab = Narv €l €y, n®’ = h%el ey . (90)

From now on we are free to represent e = v/—h for the determinant of the vielbein, assuming a Minkowski signature.

The index a of eZ, transforms like any vector index under diffeomorphism of M, while the index a’ is simply
a name so it doesn’t change under diffeomorphism of M. However, since the introduction of eg/ involves arbitrary
choices at each space-time point, we are free to make local SO(D — 1, 1) transformations on the index d', like local
Lorentz indices. Also SO(D —1, 1) admits spinor representations, so spinor indices may be regarded as local Lorentz
indices. Analogous to an ordinary Yang-Mills potential field (or connection) A, one can introduce a spin connection
Wi asa gauge field for local Lorentz transformations. Under an infinitesimal Lorentz transformation by a parameter

a
Ty . . . .
©%Y" | the variation of the spin connection becomes:

5o = 9,07 + [w,, ©]°Y = (D,0)"". (91)

The rules for the local Lorentz transformations of a spinor i are given by dy = —%9“/6/ [par, po |, where we are
considering the Dirac matrices in D-dimensions. The covariant derivative of the spinor is:

]_ 1/
Daw = (aa + gwg b Fa’b’)’lp (92)
In the special case of 2 dimensions the spin connection doesn’t contribute to covariant derivative of a spin term, so it
D, can be replaced by 9, when it acts on a spin term. Also, in a curved world sheet we introduce p* (o) = eg,(o)p‘l/.
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Returning to the action in , it needs to be invariant under supersymmetry transformations, and because of
the term e = +/—h this may be difficult. A clear way out is to introduce a supersymmetry field x, that is related
with the infinitesimal variation of the zweibein (now 2 dimensional frame). Defining:

1
S2=—— / d?a exap’p Y X, (93)

so the total action (S; + S2) is now invariant under supersymmetry transformations (which the readers should check
by themselves, by verifying the variation of the total action is zero):

SXM =t Syt = —ip®e(Du X" — M xa) (94)
(562/ = —QiEpQIXa, OXa = Dye, (95)

where € is an infinitesimal Majorana spinor function of o, 7. Here the term x a,(0, 7) is a two component Majorana
spinor which is a world-sheet vector, called Rarita-Schwinger field (which is a 3/2-spin space-time fermion).
Futhermore, the action has 2 superconformal bosonic symmetries under the transformation:

’ ’

1 1
OXH, oYt = —§Aw“, deq =Aes, dxa = §AXQ. (96)

with A(o, 7) is a scalar function (the same scaling e? factor that we encountered in bosonic string theory). There are
also 2 superconformal symmetries under the transformation

0Xa = 1Pan, 5(52/ =t =6XH =0, (97)

where n(o, 7) is an arbitrary Majorana spinor. The theory now has 4 local bosonic symmetries these allow us to
gauge the four components of egl = 53/, and also 4 local fermionic symmetries, which implies that we can locally set
the four components of y, = 0.

D. Path integrals in RNS

The classical statement that y, can be gauge away means that it can always be expressed in the form:
Xa = ipan) + Dae, (98)

and with reasonable boundary conditions this expression is unique. So we can change variables in the path integral
from x, to n and e. After the change of variables, the integral from 7 and e can be dropped, since they are symmetry
parameters and the action does not depend on them (this is an oversimplification, but the formal treatment leads to
the same conclusion). The change of variable lead to a Jacobian that will end up as a ghost path integral.

In 141 dimension, the Lorentz group is SO(1,1) in the Minkowski world-sheet, and SO(2) in Euclidean world
sheet. SO(1,1) has a single generator, which we might call W, and an SO(1,1) representation is specified by its
eigenvalue, which is the spin, so in this case the eigenvalues of W will be integers or half-integers. The gravitino field
Xaa has a vector index a corresponding to spin 41, and a spinor index A that carries spin +1/2. Altogether, yqa
has four components of spin +1, +1/2, i.e., 3/2, 1/2, -1/2 and -3/2 respectively. The gauge parameters 7 and € are
spinors with two components each of spin £1/2. The derivative operator D, is a vector with components of spin +1.
Given a field V' with components of various spin, let’s denote the spin ¢ component of V' as V,, then (98) becomes:

Ox3/2 = Di€1j2, X172 = Die_1/2 + M1y2; (99)
Ox—3/2=D_1€_1/2, OX_1/2=D_1€1/2+n_1/2. (100)

The change of variables from X4/ to 74,/ introduces a non trivial Jacobian, for example from ys/o to €1/5 the
Jacobian is:

Jacobiang , = 1/ det [D}/ 23/ 2], (101)
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where the superscript 1/2 — 3/2 represents the operator mapping spin 1/2 to spin 3/2. We can represent this
determinant by ghost fields ;o and B_3/5:

. 1
Jacoblan3/2 = /D71/2D5_3/2 exp |:—7T/d20'5_3/2D1’}/1/2:|. (102)

v and S must be commuting fields since they are ghosts for an anticommuting symmetry. Likewise a change of
variables from x_3/5 to €_1/3 gives a Jacobian with commuting ghosts v_1 /5 and f33/5:

. 1
Jacoblan_3/2 = /DV—I/QDB?)/Q exp |:7T/d20'ﬂ3/2D1’)/_1/2:|. (103)

The fields v and 8 are called superconformal ghosts. The components of 7.,/2 make up a spinor y4. The components
of B4+3/2 make up a vector-spinor 3,4 which is subject to the constraints PR s = 0.
The ghost action implied by the determinants (102)) and (103)) can be thus expressed as:

Spp = _QL / d*oh™50, . (104)
v

In the gauge hap = dap, the equations of motion imply that 83/ and v_; /5 are right-moving while the other components
are left-moving. By varying the action ([104)) respect to the world-sheet metric, we can compute the energy momentum
tensor and current for the ghosts:

) 3t
Tip = 57048+ 5007, Y =B (105)

In terms of mode expansions in the R-sector:

1 —2inT —2inT
v(r)z\ﬁznj%e . BT =5 ) Bae P (106)

n

1
V2
The commutation relations implied by Sgp are:

[’Ymvﬁn] = 5m+n,07 ['Yma'Yn] = [ﬁmaﬁn] =0. (107)

As defined here, « is herminitian and [ is antihermitian. [ could be redefined by a factor i if we wanted. The
coefficients v,,, B, are moded by integer numbers; for the bosonic sector we require half integer modes 7,, fBs.
Altogether the ghost contributions are:

LYy = Z [(m + 1) bp—nCy +(;m + n> : Bm—n"Tn 1] (108)

n

1
Fy(ng) =-2 Z |:b—n'7m+n + (271 - m> c—n7m+n:| (109)

n

Also:

— 5M% 6 im0 (110)

m—+n

{F};ﬂ, F,gg)} =21

which implies the ghost anomaly —5m?. We found before that the anomaly in the R sector is given by %Dm2 + 2aR.
Therefore the total anomaly

1
ot = —5m? + §Dm2 + 2ap

cancels for D = 10 and ag = 0. In the NS sector one has

1 1 1
et = e 409 = [§ o507 1 [30(r - 1)+ 2]
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which vanishes only for D = 10 and ays = 1/2. As in the bosonic case, the quantum action has global fermionic
symmetry, namely BRST symmetry, which we could apply to obtain the same results of consistency of the theory
when D = 10. This procedure is very standard and it can be found in any of the references.

To summarize, now we have ten X* boson, ten ¥* fermions, conformal ghosts b, ¢ and superconformal ghost v and
B. The conditions for eliminating the Weyl anomaly in the theory is when D = 10, ar = 0 and aygs = %, and this
allows the BRST symmetry with conserved supercharge @ p.
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