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Functional methods in bosonic string theory Introduction

Basics of string theory

Think on an analogy with particles (0 spatial dimensions).

S0 = m

∫
ds,

ds2 = gµν(X )dxµdxν .

We can generalize this for Dp-branes.

Sp = Tp

∫
dµp,

dµ2
p = det(gµν(X )∂αX

µ∂βX
ν)dp+1σ.

For a string (p = 1) we have the Polyakov action:

S =
T

2

∫
dσ2
√
−hhαβgµν∂αX µ∂βX

ν
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Functional methods in bosonic string theory Introduction

The world sheet
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Functional methods in bosonic string theory Introduction

The action is invariant under the transformations:

Poincaré transformations.

δXµ = aµνX
ν + bµ and δhab = 0.

aµν describes infinitesimal Lorentz transformations and bµ for
space-time translations.

Reparametrizations (diffeomorphisms):

σa → f a(σ) = σ′
a
, and hab(σ) =

∂f c

∂σa

∂f d

∂σb
hcd .

Weyl transformations:

hab → eφ(σ,τ)hab and δXµ = 0,
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Functional methods in bosonic string theory Equations of motion and solutions

Equations of motion

By reparametrization invariance we may choose hαβ = ηαβ;

S =
T

2

∫
d2σ

([
∂X

∂τ

]2

−
[
∂X

∂σ

]2
)

δS = 0→
(
∂2

∂σ2
− ∂2

∂τ 2

)
X µ = 0

as long as the boundary terms vanish:

−T
∫

dτ
dXµ
dσ

∣∣∣∣σ=π

σ=0

= 0,

where we have choosen σ ∈ [0, π]
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Functional methods in bosonic string theory Equations of motion and solutions

Boundary conditions

Periodic conditions: They generate Closed strings

X µ(σ, τ) = X µ(σ + π, τ)

The graviton appears as a massless mode of this spectrum.

Neumann conditions: The ends of the open string can be
anywhere in the space-time

d

dσ
X µ(σ = 0, τ) = 0,

d

dσ
X µ(σ = π, τ) = 0.

Dirichlet conditions: When the open string ends on a space-
time hypersurface (D-branes).

X µ(σ = 0, τ) = X0, X µ(σ = π, τ) = Xπ.
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Functional methods in bosonic string theory Equations of motion and solutions

Open string

Dirichlet and Neumann strings.
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Functional methods in bosonic string theory Equations of motion and solutions

Light cone fixing

Light-cone coordinates:

σ± = τ ± σ, ∂± =
1

2
[∂τ ± ∂σ].(

η++ η+−
η−+ η−−

)
= −1

2

(
0 1
1 0

)
.

The equation of motion becomes

∂+∂−X
µ = ∂+∂−

[
X µ
R (σ−) + X µ

L (σ+)
]

= 0

where XR(σ+) is a right- and XL(σ+) a left-mover, obeying:

(∂−XR)2 = (∂+XL)2 = 0.
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Functional methods in bosonic string theory Canonical quantization

Solutions

For closed strings

∂−X
µ
R = ls

+∞∑
m=−∞

αµme
−2imσ− , ∂−X

µ
L = ls

+∞∑
m=−∞

α̃µme
−2imσ+

.

For an open Neumann string:

X µ(τ, σ) = xµ + l2s p
µτ + ils

∑
m 6=0

αµm
m

e−imτ cosmσ.

Canonical quantization:

[αµm, α
ν
n] = [α̃µm, α̃

ν
n] = mηµνδm+n,0, [αµm, α̃

ν
n] = 0.

αm, m > 0 destroys particles.

αm, m < 0 creates particles.

Sergio Ernesto Aguilar Gutiérrez Path integrals in ST 10 / 35



Functional methods in bosonic string theory Canonical quantization

Solutions

For closed strings

∂−X
µ
R = ls

+∞∑
m=−∞

αµme
−2imσ− , ∂−X

µ
L = ls

+∞∑
m=−∞

α̃µme
−2imσ+

.

For an open Neumann string:

X µ(τ, σ) = xµ + l2s p
µτ + ils

∑
m 6=0

αµm
m

e−imτ cosmσ.

Canonical quantization:

[αµm, α
ν
n] = [α̃µm, α̃

ν
n] = mηµνδm+n,0, [αµm, α̃

ν
n] = 0.

αm, m > 0 destroys particles.

αm, m < 0 creates particles.
Sergio Ernesto Aguilar Gutiérrez Path integrals in ST 10 / 35



Functional methods in bosonic string theory Canonical quantization

Energy momentum tensor

Tab ≡ −
2

T

1√
−h

δS [X , h]

δhab
= ∂aX · ∂bX −

1

2
habh

cd∂cX · ∂dX = 0

because there is no kinetic term for hab. In light cone coord:

T++ = ∂+X
µ∂+X

µ, T−− = ∂−X
µ∂−X

µ,

Substituting the Fourier expansions for X µ

T−− = 2l2s
∑
m

Lme
−2imσ− , T++ = 2l2s

∑
m

L̃me
−2imσ+

The Fourier coefficients are Virasoro generators

Lm =
1

2

∑
n

αm−n · αn, L̃m =
1

2

∑
m

α̃m−n · α̃n.
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Functional methods in bosonic string theory Canonical quantization

In quantum theory these operators are defined to be normal-ordered,

Lm =
1

2

∑
n

: αm−n · αn :

such that in the lowering op. appear to the right of the raising op.,

: αmαn :=

{
αmαn, if m ≤ n

αnαm, if n < m.
.

[Lm, Ln] = (m − n)Lm+n +
c

12
m(m2 − 1)δm+n,0.

where c = d is the space-time dimensions. In the classical theory

[Lm, Ln]P.B. = i(m − n)Lm+n.

The term proportional to c is a quantum effect, called central charge.
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Functional methods in bosonic string theory Polyakov path integral

Polyakov path integral

Z =

∫
Dh(σ, τ)DX (σ, τ) e iS[h, X ]

which runs over all metrics hab and over all embeddings X µ(σ, τ). As
always we will run into problems if we overcount states.

Transformation

Consider a general diffeomorphism σa → σa − εa(σ, τ) and local Weyl
rescalings hab → e2Λ(σ, τ)hab,

X µ → X µ + εa∂aX
µ,

hab → hab + (P · ε)ab +

(
2Λ +

1

2
D · ε

)
hab

with (P · ε)ab = Daεb + Dbεa − hab(D · ε)
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Functional methods in bosonic string theory Polyakov path integral

The operator P maps vectors to symmetric traceless 2-tensors:

(P · ε)ab = Pc
abεc , with Pc

ab = δc(bDa) − habD
c

where f(agb) = fagb + fbga. εa are called conformal Killing vectors.

Fix ĥab. If ζ = (εa, Λ) runs over all diffeomorphisms and Weyl rescalings

then ĥζ = ĥ + δh runs over all metrics, then∫
Dh F [h] =

∫
D(P · ε)DΛ̃ F [hg ] det

∂P · ε, Λ̃

∂ε, Λ
.

where det
∂P · ε, Λ̃

∂ε, Λ
=

∣∣∣∣P 0
∗ 1

∣∣∣∣ = detP
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Functional methods in bosonic string theory Polyakov path integral

Z =

∫
Dζ DX detP exp

[
iS [X , ĥζ ]

]
where S [X , ĥζ ] = S [X ζ−1

, ĥ]. If and only if the functional measure is
also invariant:∫

DζDX ζ−1

e
iS
[
X ζ−1

, ĥ
]

detP →
∫
DX e iS[X , ĥ] detP .

with X ζ−1 → X .

In general it’s invariant only under diffeomorphisms, not under Weyl
rescalings. Later we will derive the conditions for the absence of total
Weyl anomaly in the quantum measure. Using the FP method:

detP =

∫
Db(ab)Dcd exp

(
1

4π

∫
d2σ

√
−ĥbabPd

abcd

)
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−ĥbabPd

abcd

)

Sergio Ernesto Aguilar Gutiérrez Path integrals in ST 15 / 35



Functional methods in bosonic string theory FP ghosts

FP ghosts

Here b(ab)(σ
a) transforms as a symmetric traceless tensor on the world

sheet and cd(σa) as a vector. As result

Z =

∫
DXDbDc e i(SX +Sg )

where:

Sg = − i

2π

∫
d2σ

√
−ĥĥabcdDab(ab).

The equation of motion P ·c = 0 means that ca correspond to conformal
Killing vectors.

∂+b−− = ∂−b++ = 0, ∂+c
− = ∂−c

+ = 0

provided the boundary terms obey∫
dτ (c+δb++ − c−δb−−)

∣∣∣∣σ=π

σ=0

= 0.
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Functional methods in bosonic string theory FP ghosts

Closed string: b(σ + π) = b(σ) and c(σ + π) = c(σ). The most
general solution:

b++ = 4
∑
n

b̃ne
−2inσ+ , b−− = 4

∑
n

bne
−2inσ− ,

c+ =
1

2

∑
n

c̃ne
−2inσ+ , c− =

1

2

∑
n

cne
−2inσ− .

Open string: Boundary terms must vanish at σ = 0 and σ = π
separately:

c+(σ+)

∣∣∣∣
σ=0, π

= c−(σ−)

∣∣∣∣
σ=0, π

b++(σ+)

∣∣∣∣
σ=0, π

= b−−(σ−)

∣∣∣∣
σ=0, π

The most general solution:

c± =
∑
n

cne
−inσ± , b±± =

∑
n

bne
−inσ±
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Functional methods in bosonic string theory FP ghosts

Canonical quantization:

{cm, bn} = δm+n,0, {cm, cn} = {bm, bn} = 0

with the same relations obeyed in addition by c̃ ′n, b̃n for the closed string.

T
(g)
++ = −i

(
2b++∂+c

+ + (∂+b++)c+
)

=
1

2

∑
n

L̃(g)
n e−2inσ,

T
(g)
−− = −i

(
2b−−∂−c

− + ∂−b−−
)
c−) =

1

2

∑
n

L(g)
n e−2inσ,

with Virasoro generators for the closed string:

L(g)
n = − 1

4π

∫ π

0

dσe−2inσT−−, L̃(g)
n = − 1

4π

∫ π

0

dσe2inσT++

and similar formulae for the open string.
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Functional methods in bosonic string theory FP ghosts

L(g)
m =

∑
n

(m − n)bm+nc−n

is valid classically. Due to the anti-commuting nature of the modes, we
pick up a minus sign in this process.

: bmbn :=

{
bmbn, if m ≤ n

−bnbm, if n < m.

and similarly for : cmcn : as well as for : bmcn :.

L(g)
m =

∑
n

(m − n) : bm+nc−n :

At the quantum level:[
L(g)
m , L(g)

n

]
= (m − n)L

(g)
m+n +

1

6
(m − 13m3)δm+n,0.
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Functional methods in bosonic string theory FP ghosts

The generators of the conformal transformations of S = SX + Sg :

Ltotm = L(X )
m + L(g)

m − atotδm,0,

with atot as the total normal ordering constant in the definition of Ltotm ,

atot = a(X ) + a(g) = a.

c tot = c (X ) + c (g) = d − 26

[Ltotm , Ltotn ] = (m − n)Ltotm+n + δm+n,0

(
c tot

12
(m3 −m) + 2m(a − 1)

)
To eliminate the anomaly in the Weyl invariance:

d = 26, a = 1.

Thus criticality arises as a self-consistency requirement of the Faddeev-
Popov treatment.
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Functional methods in bosonic string theory BRST symmetry

BRST symmetry

Definition

SX + Sg after gauge fixing hab = ηab enjoys a global fermionic
symmetry. Let ε be a constant Grassmann parameter. There is
invariance under

δεX
µ = ε(c+∂+ + c−∂−)X µ,

δεc
± = ε(c+∂+ + c−∂−)c±,

δεb±± = iε(T
(x)
±± + T

(g)
±±).

the transformations of X µ are just the conformal Killing
transformations with fermonic parameter εc±.

A conserved charge QB is associated the symmetry, it satisfies:

δεX
µ = ε[QB , X

µ], δεc
± = ε

{
QB , c

±}, δεb±± = ε{QB , b±±}.
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Functional methods in bosonic string theory BRST symmetry

One can show explicitly that (for open strings):

QB =
∑
m

: (L
(X )
−m + L

(g)
−m − aδm,0)cm :

does the job.
δεδε′Φ = 0 for Φ ∈ {X µ, b, c},

which means that the charge is nilpotent Q2
B = 0. By an explicit

computation:

Q2
B =

1

2
{QB , QB} =

1

2

∑
m,n

([Ltotm , Ltotn ] + (m − n)Ltotm+n)c−mc−n,

which vanishes if and only if the full Virasoro algebra is non-anomalous.

Consistency of the BRST symmetry is equivalent to absence of the total
Weyl anomaly.
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Functional methods in superstring theory Introduction

Superstring theories

Why should we care about superstrings? What are the known formula-
tions? Types of theories?
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Functional methods in superstring theory Introduction

RNS formalism: World-sheet SUSY

In the RNS formalism we study supersymmetry on the world-sheet. The
simpliest case is with N = 1 supersymmetry.

S = − 1

2π

∫
d2σ

[
hab∂aX

µ∂bX
ν − i ψ̄µρa∂aψµ

]
where ψµA is a D-plet of Majorana spinors, ρa are 2-d Dirac matrices.

In light cone coordinates as

S =
1

π

∫
d2σ(2∂+X · ∂−X + iψ− · ∂+ψ− + iψ+ · ∂−ψ+)

We may derive equations of motion for the fermionic coordinates:

∂+ψ− = 0 and ∂−ψ+.
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Functional methods in superstring theory R and NS sectors

Boundary conditions

δS ∼
∫

dτ

(
ψ+δψ+ − ψ−δψ−

∣∣∣∣
σ=π

− ψ+δψ+ − ψ−δψ−
∣∣∣∣
σ=0

)
= 0.

For open strings ψµ+ = ±ψµ− at each end of the string.
Ramond sector: space-time fermions for open strings

ψµ+ = ψµ− at σ = π.

ψµ−(σ, τ) =
1√
2

∑
n

dµn e
−in(τ−σ), ψµ+(σ, τ) =

1√
2

∑
n

dµn e
−in(τ+σ).

Neveu-Schwarz sector: Space-time bosons.

ψµ+ = −ψµ− at σ = π.

ψµ−(σ, τ) =
1√
2

∑
r

bµr e
−ir(τ−σ), ψµ+(σ, τ) =

1√
2

∑
r

bµr e
−ir(τ+σ).
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Boundary conditions

δS ∼
∫

dτ

(
ψ+δψ+ − ψ−δψ−

∣∣∣∣
σ=π

− ψ+δψ+ − ψ−δψ−
∣∣∣∣
σ=0

)
= 0.

For open strings ψµ+ = ±ψµ− at each end of the string.
Ramond sector: space-time fermions for open strings

ψµ+ = ψµ− at σ = π.

ψµ−(σ, τ) =
1√
2

∑
n

dµn e
−in(τ−σ), ψµ+(σ, τ) =

1√
2

∑
n

dµn e
−in(τ+σ).

Neveu-Schwarz sector: Space-time bosons.

ψµ+ = −ψµ− at σ = π.

ψµ−(σ, τ) =
1√
2

∑
r

bµr e
−ir(τ−σ), ψµ+(σ, τ) =

1√
2

∑
r

bµr e
−ir(τ+σ).
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Functional methods in superstring theory R and NS sectors

Tab = ∂aX
µ∂bXµ +

1

4
ψ̄µρa∂bψµ +

1

4
ψ̄µρβ∂aψµ − trace.

The action is also invariant under a transformation

δX µ = ε̄ψµ and δψµ = ρa∂aX
µε

where ε is a constant infinitesimal Majorana spinor. There:

δS ∼
∫

d2σ (∂aε̄)J
a, where Ja

A = −1

2
(ρbρaψµ)A∂βX

µ.

T++ = ∂+Xµ∂+X
µ +

i

2
ψµ+∂+ψ+µ,

T−− = ∂−Xµ∂−X
µ + i

i

2
ψµ−∂−ψ−µ,

J+ = ψµ+∂+Xµ and J− = ψµ−∂−Xµ.
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Functional methods in superstring theory R and NS sectors

The super-Virasoro generators are modes of the energy momentum
tensor Tab and supercurrent Ja

A. For the open string:

Lm =
1

π

∫ π

−π
dσe imσT++ = L(b)

m + L(f )
m

The bosonic mode contribution is given by:

L(b)
m =

1

2

∑
r

: α−n · αm+n : .

The contribution from the NS fermionic modes:

L(f )
m =

1

2

∑
r

(r +
m

2
) : b−r · bm+r : .

Gr =

√
2

π

∫ π

−π
dσ e irσJ+ =

∑
n

α−n · bn+r .
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Functional methods in superstring theory R and NS sectors

This results in a super-Virasoro algebra:

[Lm, Ln] = (m − n)Lm+n +
D

8
m(m2 − 1)δm+n,0,

[Lm,Gr ] =
(m

2
− r
)
Gm+r ,

{Gr , Gs} = 2Lr+s +
D

2

(
r 2 − 1

4

)
δr+s,0.

In the NS sector the physical-state conditions are:

Gr |φ〉 = 0, Lm |φ〉 = 0, (L0 − aNS) |φ〉 = 0.

where r > 0, m > 0, and aNS is a constant to allow the normal-ordering
ambiguity

. Similarly for the R sector:

L(f )
m =

1

2

∑
n

(n +
m

2
) : d−n · dm+n : .
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Functional methods in superstring theory R and NS sectors

Fm =

√
2

π

∫ π

−π
dσ e imσJ+ =

∑
n

α−n · dn+m

with super-Virasoro algebra

[Lm, Ln] = (m − n)Lm+n +
D

8
m3δm+n,0,

[Lm,Fn] =
(m

2
− n
)
Fm+n,

{Fm, Fn} = 2Lm+n +
D

8
m2δm+n,0.

with physical states determined from:

Fn |φ〉 = 0, Lm |φ〉 = 0, (L0 − aR) |φ〉 = 0.
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Functional methods in superstring theory Path integrals and the gravitino

R-S field

Invariance under local SUSY transformations and local superconformal
transformations requires the Rarita-Schwinger field

χa = iρaη + Daε

ε is an infinitesimal Majorana spinor (SUSY transf.), and η an arbitrary
Majorana spinor (superconformal transf.).

Transformations of the gravitino

χaA has four components of spin ±1, ±1/2, i.e., 3/2, 1/2, −1/2 and
−3/2 respectively. The gauge parameters η and ε are spinors with two
components of spin ±1/2. The derivative operator Da is a vector with
components of spin ±1.

δχ3/2 = D1ε1/2, δχ1/2 = D1ε−1/2 + η1/2;

δχ−3/2 = D−1ε−1/2, δχ−1/2 = D−1ε1/2 + η−1/2.
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Functional methods in superstring theory Path integrals and the gravitino

Path integrals from the gravitino

The change of variables from χ±1/2 to η±1/2 introduces a non trivial
Jacobian, for example from χ3/2 to ε1/2 the Jacobian is:

Jacobian3/2 = 1/ det
[
D

1/2→3/2
1

]
,

where the superscript 1/2→ 3/2 represents the operator mapping spin
1/2 to spin 3/2. We can represent this determinant by ghost fields γ1/2

and β−3/2:

Jacobian3/2 =

∫
Dγ1/2Dβ−3/2 exp

[
− 1

π

∫
d2σβ−3/2D1γ1/2

]
.

γ and β must be commuting fields since they are ghosts for an anticom-
muting symmetry.
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Functional methods in superstring theory Path integrals and the gravitino

Ghosts

Likewise a change of variables from χ−3/2 to ε−1/2 gives

Jacobian−3/2 =

∫
Dγ−1/2Dβ3/2 exp

[
− 1

π

∫
d2σβ3/2D1γ−1/2

]
.

The fields γ and β are called superconformal ghosts. The components
of γ±1/2 make up a spinor γA. The components of β±3/2 make up a
vector-spinor βaA which is subject to the constraints ρaABβaB = 0.

The ghost action can be thus expressed as:

SFP = − i

2π

∫
d2σhabγ̄∂aβb.

and also

T++ =
i

2
γ∂+β +

3i

2
β∂+γ, J

(g)
+ = βγ.
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Functional methods in superstring theory Quantization of ghosts

In terms of mode expansions:

γ(τ) =
1√
2

∑
n

γne
−2inτ , β(τ) =

1√
2

∑
n

βne
−2inτ .

The commutation relations implied by SFP are:

[γm, βn] = δm+n,0, [γm, γn] = [βm, βn] = 0.

Until now we have considered the R sector of open strings

. For the NS
sector we require half integer modes γr , βs .

L(g)
m =

∑
n

[
(m + n) : bm−ncn : +

(
1

2
m + n

)
: βm−nγn :

]

F (g)
m = −2

∑
n

[
b−nγm+n +

(
1

2
n −m

)
c−nγm+n

]
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Functional methods in superstring theory Quantization of ghosts

The relation {
F (g)
m , F (g)

n

}
= 2L

(g)
m+n − 5m2δm+n,0

implies the ghost anomaly −5m2. We found before that the anomaly in
the R sector is given by 1

2
Dm2 + 2aR . Therefore the the total anomaly

c totR = −5m2 +
1

2
Dm2 + 2aR

cancels for D = 10 and aR = 0. In the NS sector one has

c totNS = c (g) + c (X ,ψ) =

[
1

4
− 5r 2

]
+

[
1

2
D

(
r 2 − 1

4

)
+ 2aNS

]
which vanishes only for D = 10 and aNS = 1/2.
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Functional methods in superstring theory Quantization of ghosts

Summary

Now we have ten X µ boson, ten ψµ fermions, conformal ghosts b, c
and superconformal ghost γ and β.

The conditions for eliminating the Weyl anomaly in the theory is when
D = 10, aR = 0 and aNS = 1

2
, and this allows the BRST symmetry

with conserved supercharge QB .
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