


𝛿ℒ ΦA, 𝜕𝜇Φ
A =

𝜕ℒ

𝜕(ΦA)
𝛿ΦA +

𝜕ℒ

𝜕(𝜕𝜇Φ
A)

𝛿𝜕𝜇Φ
A = 0

𝑆 =  𝑑4𝑥 ℒ ΦA, 𝜕𝜇Φ
A ⟶ 𝛿𝑆 =  𝑑4𝑥 𝛿ℒ ΦA, 𝜕𝜇Φ

A = 0

Transformações infinitesimais

Transformações 

nas coordenadas

Transformações 

nos campos

Conservação do tensor 

energia-momento, tensor 

momento angular.

Conservação da carga 

eletromagnética.

Teorema 

de  

Noether



Transformação infinitesimal no Campo de matéria:

𝛿Φ𝐴 = 𝜖𝑎𝐼(𝑎)𝐵
𝐴 Φ𝐵

𝜕ℒ

𝜕(ΦA)
𝐼(𝑎)𝐵
𝐴 Φ𝐵 +

𝜕ℒ

𝜕(𝜕𝜇Φ
A)
𝐼(𝑎)𝐵
𝐴 𝜕𝜇Φ

𝐵 = 0

𝛿Φ𝐴 = 𝜖𝑎 𝑥 𝐼(𝑎)𝐵
𝐴 Φ𝐵

Transformação de Gauge local

𝜕ℒ

𝜕(ΦA)
𝜖𝑎𝐼(𝑎)𝐵

𝐴 Φ𝐵 +
𝜕ℒ

𝜕(𝜕𝜇Φ
A)
𝜕𝜇 𝜖𝑎𝐼(𝑎)𝐵

𝐴 Φ𝐵 = 0

𝐼(𝑎), 𝐼(𝑏) 𝐶

𝐴
= 𝐼 𝑎 𝐵

𝐴 𝐼(𝑏)𝐶
𝐵 − 𝐼 𝑏 𝐵

𝐴 𝐼(𝑎)𝐶
𝐵 = 𝑓𝑎𝑏

𝑐 𝐼(𝑐)𝐶
𝐴



𝜕ℒ

𝜕(ΦA)
𝜖𝑎(𝑥)𝐼(𝑎)𝐵

𝐴 Φ𝐵 +
𝜕ℒ

𝜕 𝜕𝜇Φ
A

𝜕𝜇 𝜖
𝑎(𝑥)𝐼 𝑎 𝐵

𝐴 Φ𝐵 +
𝜕ℒ

𝜕 𝜕𝜇Φ
A

𝜖𝑎(𝑥)𝐼(𝑎)𝐵
𝐴 𝜕𝜇Φ

𝐵 = 0

𝜖𝑎 𝑥
𝜕ℒ

𝜕 ΦA 𝐼 𝑎 𝐵
𝐴 Φ𝐵 +

𝜕ℒ

𝜕 𝜕𝜇Φ
A

𝐼 𝑎 𝐵
𝐴 𝜕𝜇Φ

𝐵 + 𝜕𝜇 𝜖
𝑎(𝑥)

𝜕ℒ

𝜕 𝜕𝜇Φ
A

𝐼 𝑎 𝐵
𝐴 Φ𝐵 = 0

𝛿𝐴′𝐽 = 𝜖𝑎 𝑥 𝑈(𝑎)𝐾
𝐽

𝐴′𝐾 +
1

𝑔
𝐶𝑎
𝐽𝜇
𝜕𝜇 𝜖

𝑎(𝑥)

Introduzirmos o campo:

ℒ ΦA, 𝜕𝜇Φ
A ⟶ ℒ′ ΦA, 𝜕𝜇Φ

A, 𝐴′𝐽



𝜖𝑎 𝑥
𝜕ℒ′

𝜕ΦA
𝐼 𝑎 𝐵
𝐴 Φ𝐵 +

𝜕ℒ′

𝜕𝐴′𝐽
𝑈(𝑎)𝐾
𝐽 𝐴′𝐾 +

𝜕ℒ′

𝜕 𝜕𝜇Φ
A

𝐼 𝑎 𝐵
𝐴 𝜕𝜇Φ

𝐵 +

𝜕𝜇 𝜖
𝑎 𝑥

𝜕ℒ′

𝜕 𝜕𝜇Φ
A

𝐼 𝑎 𝐵
𝐴 Φ𝐵 +

1

𝑔

𝜕ℒ′

𝜕𝐴′𝐽
𝐶𝑎
𝐽𝜇

= 0

𝜕ℒ′

𝜕ΦA
𝐼 𝑎 𝐵
𝐴 Φ𝐵 +

𝜕ℒ′

𝜕𝐴′𝐽
𝑈(𝑎)𝐾
𝐽

𝐴′𝐾 +
𝜕ℒ′

𝜕 𝜕𝜇Φ
A

𝐼 𝑎 𝐵
𝐴 𝜕𝜇Φ

𝐵 = 0

𝜕ℒ′

𝜕 𝜕𝜇Φ
A

𝐼 𝑎 𝐵
𝐴 Φ𝐵 +

1

𝑔

𝜕ℒ′

𝜕𝐴′𝐽
𝐶𝑎
𝐽𝜇

= 0

𝜕ℒ′

𝜕𝐴′1
𝐶𝑎
1𝜇

+
𝜕ℒ′

𝜕𝐴′2
𝐶𝑎
2𝜇

+⋯+
𝜕ℒ′

𝜕𝐴′𝑁
𝐶𝑎
𝑁𝜇

= −𝑔
𝜕ℒ′

𝜕 𝜕𝜇Φ
A

𝐼 𝑎 𝐵
𝐴 Φ𝐵



Em coordenadas espaço-tempo:
𝜕ℒ′

𝜕𝐴′1
𝐶𝑎
10 +

𝜕ℒ′

𝜕𝐴′2
𝐶𝑎
20 +⋯+

𝜕ℒ′

𝜕𝐴′𝑁
𝐶𝑎
𝑁0 = −𝑔

𝜕ℒ′

𝜕 𝜕0Φ
A
𝐼 𝑎 𝐵
𝐴 Φ𝐵

𝜕ℒ′

𝜕𝐴′1
𝐶𝑎
11 +

𝜕ℒ′

𝜕𝐴′2
𝐶𝑎
21 +⋯+

𝜕ℒ′

𝜕𝐴′𝑁
𝐶𝑎
𝑁1 = −𝑔

𝜕ℒ′

𝜕 𝜕1Φ
A 𝐼 𝑎 𝐵

𝐴 Φ𝐵

𝜕ℒ′

𝜕𝐴′1
𝐶𝑎
12 +

𝜕ℒ′

𝜕𝐴′2
𝐶𝑎
22 +⋯+

𝜕ℒ′

𝜕𝐴′𝑁
𝐶𝑎
𝑁2 = −𝑔

𝜕ℒ′

𝜕 𝜕2Φ
A 𝐼 𝑎 𝐵

𝐴 Φ𝐵

𝜕ℒ′

𝜕𝐴′1
𝐶𝑎
13 +

𝜕ℒ′

𝜕𝐴′2
𝐶𝑎
23 +⋯+

𝜕ℒ′

𝜕𝐴′𝑁
𝐶𝑎
𝑁3 = −𝑔

𝜕ℒ′

𝜕 𝜕3Φ
A 𝐼 𝑎 𝐵

𝐴 Φ𝐵

𝐶1
10

𝐶1
11

𝐶1
12

𝐶1
20

𝐶1
21

𝐶1
12

⋯

𝐶1
𝑁0

𝐶1
𝑁1

𝐶1
𝑁2

⋮ ⋱ ⋮
𝐶𝑛
13 𝐶𝑛

23 ⋯ 𝐶𝑛
𝑁3

𝜕ℒ′

𝜕𝐴′1

𝜕ℒ′

𝜕𝐴′2

⋮
𝜕ℒ′

𝜕𝐴′𝑁

= −𝑔

𝜕ℒ′

𝜕 𝜕0Φ
A
𝐼 1 𝐵
𝐴 Φ𝐵

𝜕ℒ′

𝜕 𝜕1Φ
A
𝐼 1 𝐵
𝐴 Φ𝐵

⋮
𝜕ℒ′

𝜕 𝜕3Φ
A 𝐼 𝑛 𝐵

𝐴 Φ𝐵



𝐶4𝑛𝑥𝑁 ⋮ 𝑁 = −𝑔 ⋮ 4𝑛 4𝑛 = 𝑁

𝐶𝑎
𝐽𝜇

𝐶− 𝜇𝐾
𝑎 = 𝛿𝐾

𝐽
𝐶− 𝜈𝐽

𝑎 𝐶𝑏
𝐽𝜇

= 𝛿𝑏
𝑎𝛿𝜈

𝜇

𝛿 𝐶− 𝜈𝐽
𝑏 𝐴′𝐽 = 𝜖𝑎 𝑥 𝐶− 𝜈𝐽

𝑏 𝑈(𝑎)𝐾
𝐽 𝐴′𝐾 +

1

𝑔
𝐶− 𝜈𝐽

𝑏 𝐶𝑎
𝐽𝜇
𝜕𝜇 𝜖

𝑎 𝑥 = 𝛿𝐴𝜈
𝑏

𝐴′𝐾 = 𝐶𝑐
𝐾𝜇
𝐴𝜇
𝑐 𝛿𝐴𝜈

𝑏 = 𝜖𝑎 𝑥 𝐶− 𝜈𝐽
𝑏 𝑈(𝑎)𝐾

𝐽 𝐶𝑐
𝐾𝜇
𝐴𝜇
𝑐 +

1

𝑔
𝐶− 𝜈𝐽

𝑏 𝐶𝑎
𝐽𝜇
𝜕𝜇 𝜖

𝑎 𝑥

𝛿𝐴𝜇
𝑎 = 𝜖𝑏 𝑥 𝑆𝑏𝑐𝜇

𝑎𝜈 𝐴𝜈
𝑐 +

1

𝑔
𝜕𝜇 𝜖

𝑎 𝑥



ℒ ΦA, 𝜕𝜇Φ
A ⟶ ℒ′ ΦA, 𝜕𝜇Φ

A, 𝐴′
𝐽
⟶ ℒ′′ ΦA, 𝜕𝜇Φ

A, 𝐴𝜇
𝑎

𝜖𝑎 𝑥
𝜕ℒ′′

𝜕ΦA 𝐼 𝑎 𝐵
𝐴 Φ𝐵 +

𝜕ℒ′′

𝜕𝐴𝜇
𝑏 𝑆𝑎𝑐𝜇

𝑏𝜈 𝐴𝜈
𝑐 +

𝜕ℒ′′

𝜕 𝜕𝜇Φ
A

𝐼 𝑎 𝐵
𝐴 𝜕𝜇Φ

𝐵 +

𝜕𝜇 𝜖
𝑎 𝑥

𝜕ℒ′′

𝜕 𝜕𝜇Φ
A

𝐼 𝑎 𝐵
𝐴 Φ𝐵 +

1

𝑔

𝜕ℒ′′

𝜕𝐴𝜇
𝑎 = 0

𝜕ℒ′′

𝜕ΦA
𝐼 𝑎 𝐵
𝐴 Φ𝐵 +

𝜕ℒ′′

𝜕𝐴𝜇
𝑏
𝑆𝑎𝑐𝜇
𝑏𝜈 𝐴𝜈

𝑐 +
𝜕ℒ′′

𝜕 𝜕𝜇Φ
A

𝐼 𝑎 𝐵
𝐴 𝜕𝜇Φ

𝐵 = 0

𝜕ℒ′′

𝜕 𝜕𝜇Φ
A

𝐼 𝑎 𝐵
𝐴 Φ𝐵 +

1

𝑔

𝜕ℒ′′

𝜕𝐴𝜇
𝑎 = 0



𝜕ℒ′′

𝜕 𝜕𝜇Φ
A

𝐼 𝑎 𝐵
𝐴 Φ𝐵 +

1

𝑔

𝜕ℒ′′

𝜕𝐴𝜇
𝑎 = 0 𝛻𝜇Φ

A = 𝜕𝜇Φ
A − 𝑔𝐴𝜇

𝑎𝐼 𝑎 𝐵
𝐴 Φ𝐵

𝜕ℒ′′

𝜕 𝜕𝜇Φ
A

=
𝜕ℒ′′

𝜕 𝛻𝜈Φ
B

𝜕 𝛻𝜈Φ
B

𝜕 𝜕𝜇Φ
A

=
𝜕ℒ′′

𝜕 𝛻𝜈Φ
B 𝛿𝜈

𝜇
𝛿𝐴
𝐵 =

𝜕ℒ′′

𝜕 𝛻𝜇Φ
𝐴

𝜕ℒ′′

𝜕𝐴𝜇
𝑎 =

𝜕ℒ′′

𝜕 𝛻𝜈Φ
𝐴

𝜕 𝛻𝜈Φ
𝐴

𝜕𝐴𝜇
𝑎 = −𝑔

𝜕ℒ′′

𝜕 𝛻𝜈Φ
𝐴 𝛿𝑎

𝑏𝛿𝜈
𝜇
𝐼 𝑏 𝐵
𝐴 Φ𝐵 = −𝑔

𝜕ℒ′′

𝜕 𝛻𝜇Φ
𝐴
𝐼 𝑎 𝐵
𝐴 Φ𝐵

𝜕ℒ′′

𝜕 𝛻𝜇Φ
𝐴

𝐼 𝑎 𝐵
𝐴 Φ𝐵 +

1

𝑔
−𝑔𝐼 𝑎 𝐵

𝐴 Φ𝐵 = 0



ℒ ΦA, 𝜕𝜇Φ
A ⟶ ℒ′′ ΦA, 𝜕𝜇Φ

A, 𝐴𝜇
𝑎 ⟶ ℒ𝑖𝑛𝑡 Φ

A, 𝛻𝜇Φ
A

δ 𝛻𝜇Φ
A = 𝜕𝜇 𝛿ΦA − 𝑔 𝛿𝐴𝜇

𝑎 𝐼 𝑎 𝐵
𝐴 Φ𝐵 − 𝑔𝐴𝜇

𝑎𝐼 𝑎 𝐵
𝐴 𝛿Φ𝐵

δ 𝛻𝜇Φ
A = 𝜖𝑎 𝑥 𝐼(𝑎)𝐵

𝐴 𝜕𝜇Φ
𝐵 − 𝑔𝜖𝑏 𝑥 𝑆𝑏𝑐𝜇

𝑎𝜈 𝐴𝜈
𝑐 𝐼 𝑎 𝐵

𝐴 Φ𝐵 − 𝑔𝜖𝑎 𝑥 𝐴𝜇
𝑏𝐼 𝑏 𝐵

𝐴 𝐼(𝑎)𝐶
𝐵 Φ𝐶

𝐼 𝑎 𝐵
𝐴 𝐼(𝑏)𝐶

𝐵 − 𝐼 𝑏 𝐵
𝐴 𝐼(𝑎)𝐶

𝐵 = 𝑓𝑎𝑏
𝑐 𝐼(𝑐)𝐶

𝐴

δ 𝛻𝜇Φ
A = 𝜖𝑎 𝑥 𝐼(𝑎)𝐵

𝐴 𝜕𝜇Φ
𝐵 − 𝑔𝐴𝜇

𝑏𝐼(𝑏)𝐶
𝐵 Φ𝐶 − 𝑔𝜖𝑏 𝑥 𝑆𝑏𝑐𝜇

𝑎𝜈 − 𝛿𝜇
𝜈𝑓𝑏𝑐

𝑎 𝐴𝜈
𝑐 𝐼 𝑎 𝐵

𝐴 Φ𝐵

δ 𝛻𝜇Φ
A

= 𝜖𝑎 𝑥 𝐼(𝑎)𝐵
𝐴 𝛻𝜇Φ

B − 𝑔𝜖𝑏 𝑥 𝑆𝑏𝑐𝜇
𝑎𝜈 − 𝛿𝜇

𝜈𝑓𝑏𝑐
𝑎 𝐴𝜈

𝑐 𝐼 𝑎 𝐵
𝐴 Φ𝐵



𝜕ℒ𝑖𝑛𝑡
𝜕Φ𝐴

𝜖𝑎 𝑥 𝐼(𝑎)𝐵
𝐴 Φ𝐵 +

𝜕ℒ𝑖𝑛𝑡

𝜕 𝛻𝜇Φ
A

𝜖𝑎 𝑥 𝐼(𝑎)𝐵
𝐴 𝛻𝜇Φ

B −

𝜕ℒ𝑖𝑛𝑡

𝜕 𝛻𝜇Φ
A

𝑔𝜖𝑏 𝑥 𝑆𝑏𝑐𝜇
𝑎𝜈 − 𝛿𝜇

𝜈𝑓𝑏𝑐
𝑎 𝐴𝜈

𝑐 𝐼 𝑎 𝐵
𝐴 Φ𝐵 = 0

𝑆𝑏𝑐𝜇
𝑎𝜈 = 𝛿𝜇

𝜈𝑓𝑏𝑐
𝑎

𝜕ℒ𝑖𝑛𝑡
𝜕Φ𝐴

𝐼(𝑎)𝐵
𝐴 Φ𝐵 +

𝜕ℒ𝑖𝑛𝑡

𝜕 𝛻𝜇Φ
A

𝐼(𝑎)𝐵
𝐴 𝛻𝜇Φ

B = 0

𝛿𝐴𝜇
𝑎 = 𝜖𝑏 𝑥 𝑓𝑏𝑐

𝑎 𝐴𝜇
𝑐 +

1

𝑔
𝜕𝜇 𝜖

𝑎 𝑥



Campo de Gauge

ℒ𝐴 ⟶ ℒ𝐴 𝐴𝜇
𝑎 , 𝜕𝜈 𝐴𝜇

𝑎
𝜕ℒ𝐴
𝜕𝐴𝜇

𝑎 𝛿𝐴𝜇
𝑎 +

𝜕ℒ𝐴

𝜕 𝜕𝜈 𝐴𝜇
𝑎

𝜕𝜈 δ𝐴𝜇
𝑎 = 0

𝜕ℒ𝐴
𝜕𝐴𝜇

𝑎 𝜖𝑏 𝑥 𝑓𝑏𝑐
𝑎 𝐴𝜇

𝑐 +
1

𝑔
𝜕𝜇 𝜖

𝑎 𝑥
𝜕ℒ𝐴
𝜕𝐴𝜇

𝑎 + 𝜖𝑏 𝑥
𝜕ℒ𝐴

𝜕 𝜕𝜈 𝐴𝜇
𝑎
𝑓𝑏𝑐
𝑎 𝜕𝜈 𝐴𝜇

𝑐 +

𝜕𝜈 𝜖
𝑏 𝑥

𝜕ℒ𝐴

𝜕 𝜕𝜈 𝐴𝜇
𝑎
𝑓𝑏𝑐
𝑎 𝐴𝜇

𝑐 +
1

𝑔
𝜕𝜈 𝜕𝜇 𝜖

𝑎 𝑥
𝜕ℒ𝐴

𝜕 𝜕𝜈 𝐴𝜇
𝑎

= 0

𝜖𝑏 𝑥
𝜕ℒ𝐴
𝜕𝐴𝜇

𝑎 𝑓𝑏𝑐
𝑎 𝐴𝜇

𝑐 +
𝜕ℒ𝐴

𝜕 𝜕𝜈 𝐴𝜇
𝑎
𝑓𝑏𝑐
𝑎 𝜕𝜈 𝐴𝜇

𝑐 + 𝜕𝜈 𝜖
𝑏 𝑥

1

𝑔

𝜕ℒ𝐴

𝜕𝐴𝜈
𝑏 +

𝜕ℒ𝐴

𝜕 𝜕𝜈 𝐴𝜇
𝑎
𝑓𝑏𝑐
𝑎 𝐴𝜇

𝑐 +

𝜕𝜈 𝜕𝜇 𝜖
𝑎 𝑥

1

2𝑔

𝜕ℒ𝐴

𝜕 𝜕𝜇 𝐴𝜈
𝑎

+
𝜕ℒ𝐴

𝜕 𝜕𝜈 𝐴𝜇
𝑎

= 0



𝜕ℒ𝐴
𝜕𝐴𝜇

𝑎 𝑓𝑏𝑐
𝑎 𝐴𝜇

𝑐 +
𝜕ℒ𝐴

𝜕 𝜕𝜈 𝐴𝜇
𝑎
𝑓𝑏𝑐
𝑎 𝜕𝜈 𝐴𝜇

𝑐 = 0

𝜕ℒ𝐴

𝜕 𝜕𝜈 𝐴𝜇
𝑎
𝑓𝑏𝑐
𝑎 𝐴𝜇

𝑐 +
1

𝑔

𝜕ℒ𝐴

𝜕𝐴𝜈
𝑏
= 0

𝜕ℒ𝐴

𝜕 𝜕𝜇 𝐴𝜈
𝑎

+
𝜕ℒ𝐴

𝜕 𝜕𝜈 𝐴𝜇
𝑎

= 0

Equações Hierárquicas:

ℱ𝜇𝜈
𝑎 = 𝜕𝜇 𝐴𝜈

𝑎 − 𝜕𝜈 𝐴𝜇
𝑎 − 𝑔𝑓𝑏𝑐

𝑎 𝐴𝜇
𝑏𝐴𝜈

𝑐

𝛿ℱ𝜇𝜈
𝑎 = 𝜖𝑏 𝑥 𝑓𝑏𝑐

𝑎ℱ𝜇𝜈
𝑐



ℒ𝐴 ⟶ ℒ𝐴 𝐴𝜇
𝑎, 𝜕𝜈 𝐴𝜇

𝑎 ⟶ ℒ′𝐴 ℱ𝜇𝜈
𝑎

𝜕ℒ′𝐴
𝜕ℱ𝜇𝜈

𝑎 𝑓𝑏𝑐
𝑎ℱ𝜇𝜈

𝑐 = 0

𝜕ℒ′𝐴
𝜕𝐴𝜇

𝑎 = 0

𝜙 ⟶ 𝑒𝑖𝜖𝜙

𝜙∗ ⟶ 𝑒−𝑖𝜖𝜙∗

𝜙′ = 𝑒𝑖𝜖𝜙 ≅ 𝜙 + 𝑖𝜖𝜙

𝜙′∗ = 𝑒−𝑖𝜖𝜙∗ ≅ 𝜙∗ − 𝑖𝜖𝜙∗

𝜙′

𝜙′∗
=

𝜙
𝜙∗ + 𝜖

𝑖 0
0 −𝑖

𝜙
𝜙∗

𝐼(𝑎), 𝐼(𝑏) = 0 ⟶ 𝑓𝑏𝑐
𝑎 = 0



Transformação Local 

𝛿𝐴𝜇
𝑎 = 𝜖𝑏 𝑥 𝑓𝑏𝑐

𝑎 𝐴𝜇
𝑐 +

1

𝑔
𝜕𝜇 𝜖

𝑎 𝑥 ⟶ 𝛿𝐴𝜇 =
1

𝑔
𝜕𝜇 𝜖(𝑥)

𝛿ℱ𝜇𝜈
𝑎 = 𝜖𝑏 𝑥 𝑓𝑏𝑐

𝑎ℱ𝜇𝜈
𝑐 ⟶ 𝛿ℱ𝜇𝜈 = 0

ℱ𝜇𝜈
𝑎 = 𝜕𝜇 𝐴𝜈

𝑎 − 𝜕𝜈 𝐴𝜇
𝑎 − 𝑔𝑓𝑏𝑐

𝑎 𝐴𝜇
𝑏𝐴𝜈

𝑐 ⟶ ℱ𝜇𝜈 = 𝜕𝜇 𝐴𝜈 − 𝜕𝜈 𝐴𝜇

𝛻𝜇Φ
A = 𝜕𝜇Φ

A − 𝑔𝐴𝜇
𝑎𝐼 𝑎 𝐵

𝐴 Φ𝐵
𝛻𝜇𝜙 = 𝜕𝜇 𝜙 − 𝑖𝑔𝐴𝜇𝜙

𝛻𝜇 𝜙
∗ = 𝜕𝜇 𝜙

∗ + 𝑖𝑔𝐴𝜇𝜙
∗



ℒ𝑚 ⟶ ℒ𝑚 ℱ𝜇𝜈 , 𝐴𝜇

𝜕ℒ𝑚
𝜕ℱ𝜇𝜈

0 + 𝜕𝜇 𝜖 𝑥
1

𝑔

𝜕ℒ𝑚
𝜕𝐴𝜇

= 0 ⟶
𝜕ℒ𝑚
𝜕𝐴𝜇

= 0

𝛿𝐵 = 𝑚𝜖(𝑥) ⟶ 𝛿 𝜕𝜇 𝐵 = 𝜕𝜇 𝛿𝐵

= 𝑚𝜕𝜇 𝜖(𝑥)

ℒ𝑚 ⟶ ℒ𝑚 ℱ𝜇𝜈 , 𝐴𝜇 ⟶ ℒ𝑆 ℱ𝜇𝜈 , 𝐴𝜇 , 𝜕𝜇 𝐵, 𝐵



𝜕ℒ𝑆
𝜕ℱ𝜇𝜈

0 + 𝜕𝜇 𝜖 𝑥
1

𝑔

𝜕ℒ𝑆
𝜕𝐴𝜇

+
𝜕ℒ𝑆
𝜕𝐵

𝑚𝜖(𝑥) +
𝜕ℒ𝑆

𝜕 𝜕𝜇 𝐵
𝑚𝜕𝜇 𝜖(𝑥)

= 0

𝜕ℒ𝑆
𝜕𝐵

𝑚𝜖 𝑥 +
1

𝑔

𝜕ℒ𝑆
𝜕𝐴𝜇

+𝑚
𝜕ℒ𝑆

𝜕 𝜕𝜇 𝐵
𝜕𝜇 𝜖(𝑥) = 0

1

𝑔

𝜕ℒ𝑆
𝜕𝐴𝜇

+𝑚
𝜕ℒ𝑆

𝜕 𝜕𝜇 𝐵
= 0 𝑉𝜇 = 𝐴𝜇 −

1

𝑚𝑔
𝜕𝜇 𝐵

𝛿𝑉𝜇 = 𝛿𝐴𝜇 −
1

𝑚𝑔
𝜕𝜇 𝛿𝐵 =

1

𝑔
𝜕𝜇 𝜖 𝑥 −

1

𝑚𝑔
𝑚𝜕𝜇 𝜖(𝑥) = 0



𝜕ℒ𝑆
𝜕ℱ𝜇𝜈

0 +
𝜕ℒ𝑆
𝜕𝑉𝜇

(0) = 0

ℒ𝑚 ⟶ ℒ𝑚 ℱ𝜇𝜈 , 𝐴𝜇 ⟶ ℒ𝑆 ℱ𝜇𝜈 , 𝑉𝜇

ℱ𝜇𝜈
𝑉 = 𝜕𝜇 𝑉𝜈 − 𝜕𝜈 𝑉𝜇 = 𝜕𝜇 𝐴𝜈 −

1

𝑚𝑔
𝜕𝜈𝐵 − 𝜕𝜈 𝐴𝜇 −

1

𝑚𝑔
𝜕𝜇 𝐵

ℱ𝜇𝜈
𝑉 = 𝜕𝜇 𝐴𝜈 − 𝜕𝜈 𝐴𝜇 −

1

𝑚𝑔
𝜕𝜇 𝜕𝜈𝐵 +

1

𝑚𝑔
𝜕𝜈 𝜕𝜇 𝐵 = ℱ𝜇𝜈



ℒ𝑚 ⟶ ℒ𝑚 ℱ𝜇𝜈 , 𝐴𝜇 ⟶ ℒ𝑆 ℱ𝜇𝜈 , 𝑉𝜇 ⟶ ℒ𝑆 ℱ𝜇𝜈
𝑉 , 𝑉𝜇

Lagrangiano de um campo massivo:

ℒ𝑆 ℱ𝜇𝜈
𝑉 , 𝑉𝜇 = −

1

4
ℱ𝜇𝜈
𝑉ℱ𝑉𝜇𝜈 +

1

2
𝑚𝑔 2𝑉𝜇𝑉

𝜇

𝜕𝜈ℱ
𝑉𝜈𝜇 + 𝑚𝑔 2𝑉𝜇 = 0 ⟶ 𝜕𝜇 𝑉

𝜇 = 𝜕𝜇 𝐴𝜇 −
1

𝑚𝑔
𝜕𝜇𝐵 = 0



ℒ𝑆 ℱ𝜇𝜈
𝑉 , 𝑉𝜇 = −

1

4
ℱ𝜇𝜈ℱ

𝜇𝜈 +
1

2
𝑚𝑔 2 𝐴𝜇 −

1

𝑚𝑔
𝜕𝜇 𝐵 𝐴𝜇 −

1

𝑚𝑔
𝜕𝜇𝐵

Gauge Hooft: ℊ = 𝜕𝜇 𝐴
𝜇 + 𝛼𝑚𝑔𝐵

ℒ𝑔𝑓 = −
1

2𝛼
𝜕𝜇 𝐴

𝜇 + 𝛼𝑚𝑔𝐵 𝜕𝜈A𝜈 + 𝛼𝑚𝑔𝐵

𝜕𝜇 𝐴′
𝜇 + 𝛼𝑚𝐵′ = 𝜕𝜇  𝐴𝜇 +

1

𝑔
𝜕𝜇𝜖(𝑥 + 𝛼𝑚𝑔 )𝐵 +𝑚𝜖(𝑥

𝜕𝜇 𝐴′
𝜇 + 𝛼𝑚𝐵′ = 𝜕𝜇 𝐴

𝜇 + 𝛼𝑚𝑔𝐵 +  
1

𝑔
𝜕𝜇 𝜕

𝜇𝜖(𝑥) + 𝛼𝑚2𝑔𝜖(𝑥



𝜕𝜇 𝜕
𝜇𝜖 𝑥 + 𝛼 𝑚𝑔 2𝜖 𝑥 = 0

Gauge de Stueckelberg-Feynman:

ℒ𝑔𝑓 = −
1

2
𝜕𝜇 𝐴

𝜇 +𝑚𝑔𝐵 𝜕𝜈𝐴𝜈 +𝑚𝑔𝐵

𝜕𝜇 𝜕
𝜇 + 𝑚𝑔 2 𝜖 𝑥 = 0

Condição Gupta-Bleuler:

𝜕𝜈𝐴𝜈
(−) ∥  𝑃ℎ𝑦𝑠 = 0 ⟶ 𝜕𝜈𝐴𝜈 +𝑚𝑔𝐵 (−) ∥  𝑃ℎ𝑦𝑠 = 0



ℒ𝑆𝑡𝑢 = −
1

4
ℱ𝜇𝜈ℱ

𝜇𝜈 +
1

2
𝑚𝑔 2 𝐴𝜇 −

1

𝑚𝑔
𝜕𝜇 𝐵 𝐴𝜇 −

1

𝑚𝑔
𝜕𝜇𝐵

−
1

2
𝜕𝜇 𝐴

𝜇 +𝑚𝑔𝐵 𝜕𝜈𝐴𝜈 +𝑚𝑔𝐵

ℒ𝑆𝑡𝑢 = −
1

4
ℱ𝜇𝜈ℱ

𝜇𝜈 +
1

2
𝑚𝑔 2 𝐴𝜇𝐴

𝜇 −
1

𝑚𝑔
𝜕𝜇 𝐵𝐴

𝜇 −
1

𝑚𝑔
𝐴𝜇𝜕

𝜇𝐵 +
1

𝑚𝑔 2 𝜕
𝜇𝐵𝜕𝜇 𝐵

−
1

2
𝜕𝜇 𝐴

𝜇𝜕𝜈𝐴𝜈 +𝑚𝑔𝐵𝜕𝜈𝐴𝜈 +𝑚𝑔𝐵𝜕𝜇 𝐴
𝜇 + 𝑚𝑔 2𝐵2

ℒ𝑆𝑡𝑢 = −
1

4
ℱ𝜇𝜈ℱ

𝜇𝜈 +
1

2
𝑚𝑔 2𝐴𝜇𝐴

𝜇 −
1

2
𝜕𝜇 𝐴

𝜇𝜕𝜈𝐴𝜈 +
1

2
𝜕𝜇 𝐵𝜕

𝜇𝐵 −
1

2
𝑚𝑔 2𝐵2

𝜕𝜇 𝜕
𝜇𝐴𝜈 + 𝑚𝑔 2𝐴𝜈 = 0 ⋀ 𝜕𝜇 𝜕

𝜇𝐵 + 𝑚𝑔 2𝐵 = 0




