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Formulation of N = 4 Super Yang-Mills

Begin with a pure Yang-Mills theory:

S =

∫
tr
(
FMNF

MN

A ∈ Ω1 ⊗ su(N) is a bosonic gauge field, and F = DA = dA− ig [A,A]
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Formulation of N = 4 Super Yang-Mills

Add a supersymetric partner to the boson field :

SN=1 =

∫
Tr

(
FMNF

MN + iΨ̄ΓMDMΨ
)
,

A ∈ Ω1 ⊗ su(N) is a bosonic gauge field, and F = DA = dA− ig [A,A]
Ψa Majorana-Weyl spinor, lie algebra valued; Such that the map:

δAa
M = ϵ̄ΓMΨa (1)

δΨa =
i

2
F a
MNΓ

MNϵ, (2)

is a symmetry (fermionic!)
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Formulation of N = 4 Super Yang-Mills

Put it in 10 dimensions:

SN=1,10d =

∫
d10x Tr

(
FMNF

MN + iΨ̄ΓMDMΨ
)
,

A ∈ Ω1⊗ su(N) is a bosonic gauge field, and F = DA = dA− ig [A,A]

Ψa Majorana-Weyl spinor (2
10
2
−1), lie algebra valued;

Global symmetries: Lorentz SO(1, 9) and N = 1 susy:

δAa
M = ϵ̄ΓMΨa (3)

δΨa =
i

2
F a
MNΓ

MNϵ, (4)
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Dimensional reduction (to 4d)

R10 −→ R4 ⊕��>
cte

R6 : xM = (xµ, x i ), µ = 1, · · · , 4
i = 1, · · · , 6

Dimensional reduction corresponds to fix x i = cte, i.e. ∂i = 0:

AM = (Aµ, ϕi ) and then, FMN = (Fµν ,Dµϕi , [ϕi , ϕj ])

⇒ 4d gauge boson + 6 real scalars;

Breaks SO(9, 1) → SO(3, 1)︸ ︷︷ ︸⊕ SO(6)︸ ︷︷ ︸
Lorentz R-Symmetry

↓
SO(4, 2): extension of the Lorentz group
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(C10)32×32 = (C4)4×4 ⊗
(
0 14
14 0

)
, such that ΨT = C10Ψ̄;

Dimensional reduction: write ΨΠ = ψiA with A, i = 1, · · · , 4;

ΨT = C10Ψ̄ ⇒ (ψA)T = C4(ψ̄
A)

This can be seen as 4 Weyl spinors ΨA
α, Ψ̄

A
α̇, in 4d.

The 6 scalar fields ϕi are in the fundamental representation of SO(6),
or in the anti-symmetric representation of SU(4), which relation is
established by the Clebsch-Gordan coefficients:

ϕAB = γnABϕn, (5)

with the reality condition given by ϕ†AB = ϵABCDϕCD .
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N = 4 Super Yang-Mills Lagrangian

The action will be:

SN=4,4d =

∫
d4x tr

(
FµνF

µν + DµϕiD
µϕi + iψ̄A /Dψ

A

−gγjAB ψ̄
A[ϕj , ψ

B ]− g2[ϕi , ϕj ][ϕ
i , ϕj ]

)
(6)

Symmetry (N = 1 −→ N = 4):

δAµ = ϵ̄AΓµψ
A + ϵAΓµψ̄A

δϕAB = 2ϵ̄[AψB] + 2ϵ[Aψ̄B]

δψA = −1

2
ΓµνFµνϵ

A − 2ΓµDµϕ
ABϵB + 2g [ϕA, ϕB ]ϵB

A,B = 1, 2, 3, 4 ⇒ N = 4 susy’s!
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β−function at 1-loop

SN=4,4d =

∫
d4x

1

g2
Tr

(
FµνF

µν + DµϕiD
µϕi + iψ̄A /Dψ

A

−ψ̄A[ϕAB , ψ
B ]− [ϕi , ϕj ][ϕ

i , ϕj ]
)

(7)

Field content:

Aa
µ ϕai ψa

A (8)

All in the adjoint representation ⇒ C (r) = N
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Feynman rules

Aa

µ Ab

ν

Ac

ρ Ad

σ

Aµ Aµ

Aµ

ϕ ϕ

ϕ ϕ

(9)

ϕ ϕ

Aµ Aµ

Aµ

ϕ ϕ

Aµ

ψ ψ

ϕ

ψ ψ
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β−function at 1-loop

(Aa
µ)r = Z

−1/2
A (Aa

µ)0, (ϕai )r = Z
−1/2
ϕ (ϕai )0
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β−function at 1-loop

Γabcr (p, q, r) = Z−1
1 Γabc0 (p, q, r) (10)
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β−function at 1-loop

=⇒ β1(g) = − g3

16π2

(
11

3
N − ns

1

6
N − nf

1

3
N

)
(11)

ns : number of scalars, nf : number of fermions.

ns = 6, nf = 8 ⇒ β1 = 0
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Symmetry of the theory

The theory has N = 4 super-conformal symmetry:

SO(2, 4)︸ ︷︷ ︸ ⊕ SO(6)︸ ︷︷ ︸ ⊕ C0|32︸ ︷︷ ︸ (12)

Conformal R-sym Super-transformations

Pµ,Mµν ,Kµ,D,R
I
J (bosonic generators)

QIα, Q̄
I
α̇, S

Iα, S̄ α̇
I (fermionic generators)
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Conformal group

[D,Pµ] = −Pµ , [D,Mµν ] = 0 , [D,Kµ] = +Kµ

[Mµν ,Pρ] = −(ηµρPν − ηνρPµ) , [Mµν ,Kρ] = −(ηµρKν − ηνρKµ) (13)

[Pµ,Kν ] = 2(Mµν − ηµνD)

These generators acts in local operators as commutation.

Definition

A local operator O∆(x) has a conformal dimension ∆ if:

O∆(λx) = λ∆O(x) or [D,O∆](x) = −∆O(x) (14)

[Kµ,O∆] has dimension ∆ + 1, [Pµ,O∆] has dimension ∆ + 1:

[D, [Kµ,O∆]] = [[D,Kµ],O∆] + [Kµ, [D,O∆]] = −(∆− 1)[Kµ,O∆]

[D, [Pµ,O∆]] = [[D,Pµ],O∆] + [Pµ, [D,O∆]] = −(∆ + 1)[Pµ,O∆]
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Super-conformal algebra

{Q, Q̄} = 2P , {Q,Q} = {Q̄, Q̄} = 0

{S , S̄} = 2K , {S ,S} = {S̄ , S̄} = 0 (15)

{Q,S} = −R + ΓµνMµν −
1

2
D , {Q̄, S̄} = −R + Γ̄µνMµν −

1

2
D

[D,Q] = −1

2
Q , [D, Q̄] = −1

2
Q̄

[D, S ] = +
1

2
S , [D, S̄ ] = +

1

2
S̄ (16)

=⇒ Q, Q̄ upper the dimension by 1/2 and S , S̄ lowers the dimension by
1/2 ⇒ Chain of operators.

Definition

Primary Operators Õ are the lower bounds for a chain of operators, that
is:

[S , Õ] = [S̄ , Õ] = 0 (17)
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Chiral operators

From Primary Operators, we generate a highest weight
representation of the super conformal algebra. This is an infinite
dimensional representation.

Definition

A Primary Operator Õ is called chiral operator if it is killed by some of
the super-symmetries:

[QIα, Õ] = 0 for some α, I (18)

Consequences of being BPS:

[{QIα,S
Jβ},O] = [−ϵαβR J

I − ϵαβδ
J

I +������: scalar
δ J
I ΓµναβMµν ,O] (19)

. : [R I
J , Õ] = ∆δIJÕ (20)
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Choose Cartan generators of SU(4): R12,R34,R56. These are
diagonal matrices, with charges (J1, J2, J3);

BPS operators are such that ∆ = J;

Chiral operators that generate highest weight representations which,
while still infinite dimensional, are smaller representations;

If you are in a smaller representation, you stay in a smaller
representation,i.e., quantum corrections can not change the condition
∆ = J;

Chiral states does not suffers quantum corrections, i.e., it has
vanishing anomalous dimension

Claim: The N = 4 SYM Lagrangian is given by:

LN=4 = S ◦ Õ

where Õ is a Chiral Operator, acted by an element S of the algebra.

LN=4 is in the same supermultiplet as the chiral primary ⇒ dimension
protected from quantum corrections!
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where Õ is a Chiral Operator, acted by an element S of the algebra.

LN=4 is in the same supermultiplet as the chiral primary ⇒ dimension
protected from quantum corrections!

(IFT) Apresentação Parcial 30 de junho de 2023 21 / 28



Choose Cartan generators of SU(4): R12,R34,R56. These are
diagonal matrices, with charges (J1, J2, J3);

BPS operators are such that ∆ = J;

Chiral operators that generate highest weight representations which,
while still infinite dimensional, are smaller representations;

If you are in a smaller representation, you stay in a smaller
representation,i.e., quantum corrections can not change the condition
∆ = J;

Chiral states does not suffers quantum corrections, i.e., it has
vanishing anomalous dimension

Claim: The N = 4 SYM Lagrangian is given by:

LN=4 = S ◦ Õ
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Quantization

Define {aα, bα̇, cI} with:

[aα, a†β] = δαβ , [bα̇, b†
β̇
] = δα̇

β̇
, {cI , c†J} = δJI (21)

Write the field strength as Fαβ = σµναβFµν and Fα̇β̇ = σµν
α̇β̇

Fµν ;

Covariant derivatives as Dαα̇ = σµαα̇Dµ

Dαα̇ = a†αb
†
α̇|0⟩

Fαβ = a†αa
†
β|0⟩

ψI
α = (c I )†a†α|0⟩

ϕIJ = (c I )†(cJ)†|0⟩

ψα̇I = ϵIJKL(c
J)†(cK )†(cL)†b†α̇|0⟩

Fα̇β̇ = ϵIJKL(c
I )†(cJ)†(cK )†(cL)†b†α̇b

†
β̇
|0⟩
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Quantization

Write the generators in the same way

Pαα̇ = σµαα̇Pµ, Kαα̇ = σµαα̇Kµ, Mαβ = σµµαβMµν , M̃α̇β̇ = σµµ
α̇β̇

Mµν

such that:
Pαα̇ = a†αb

†
α̇, K α̇α = bα̇aα

QIα = a†αcI , Q̄ I
α̇ = b†α̇c

†I , S Iα = aαc†I , S̄ α̇
I = bα̇cI ,

R I
J = c†I cJ −

1

4
δIJc

†KcK

D = −1

2
(a†αa

α + b†α̇b
α̇ + 2)
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β = 0: exact proof

The following operator:

OIJKL = Tr(ϕIJϕKL)− 1

4!
ϵIJKLϵMNOP Tr(ϕMNϕOP) (22)

is Chiral ∆ = 2 = J!

The Lagrangian can be obtained from this operator:

1

4!
{QαI , [QβJ , {QγK , [QδL,OIJKL]}]} = Tr(FαβFγδ) (23)

1

4!
{Q̄α̇I , [Q̄β̇J , {Q̄γ̇K , [Q̄δ̇L,O

IJKL]}]} = Tr(Fα̇β̇Fγ̇δ̇) (24)

· · ·

The Lagrangian has fixed dimension: ∆ = 4
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L =
1

g2
YM

Tr(FF) + · · · (25)

=⇒ the coupling gYM has fixed dimension

. : β(gYM) = 0 (26)
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