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Introduction

This article intends to review the basic aspects of Conformal Field
Theory and relate it to techniques developed from Quantum Field
Theory. Conformal Field Theory (CFT) refers to the field theories
with conformal invariance (a transformation that preserves angles

in space).



Fundamentals

Definition

A conformal transformation between manifold M and M’ is a
mapping ¢ : U C M — V C M’ such that, for X’ = ¢(x), there is
a positive function A(x) such that,

, OX'P OX"?
850 O O

= gu/\(x).

Considering M = M’ and flat space, we get,

Ox'P Ox'°

o e = N(X).
oo gxu gxv — M (x)



Considering infinitesimal transformations, x’” = x” + €, we get,

npﬂ(éz + auep)(ég + ayea) = mw/\(x) = Nuv + nuaauea =+ npya,uep7

= | N (N(x) — 1) = Ovey + Open |




Multiplying both sides by n*¥, we get,
d(A(x) — 1) = 20V,

thus, we get to,

Nuw(20 - €)
I) FLT = 8(,/6“) .

Manipulating the above expression, we get,

) (d-1)00-¢) =0},

II/) d(@u&,ep) = 77[,,#81,](8 . 6) .

Those 3 expressions denotes conditions for an infinitesimal
transformation to be canonical. Note that, from /I), we get that
the most general form for € is,

€p = Ap+ Boux” + Cpuxt'x” ‘




Conformal group and algebra

Note that the set of functions {f : x — (x’ — x)} of conformal
transformations forms a group of linear transformations (directly
verifiable). Thus, we may describe its algebra by checking every
element of e.

We shall use the following results,

Lemma
If G is a linear Lie group and X € T.G, then, for v(t) = etX,
Jde>0 st V|t <eq(t)€G.

Theorem
If G is a linear Lie group, then

Lie(G)=g={X € GL/e™ € GVt €R}.



Proof.

Suppose first that eX =1+ tX 4 ... € G for all t. Since
eX|i—o = e, the identity in the Lie group, we have that

X =%eX|,_g€ TG, s0 {X € GL/eX € GV t € R} C Lie(G).
Now, suppose X € T.G. Then, using the lemma, for any t € R,

3 N € N such that \ﬁ\ < €, thus, e% € G. Since G is a group,

XX X
evenen..=eXeG. So

Lie(G)c {X e GL [eX e GV tecR}
Thus, we conclude that Lie(G) = {X € GL/eX € GV teR}. [



Thus, for the first term, considering X small,
eXxP = xP + AP = xP + iXxP,

= iXx" = AP,

thus, we get that X = —iA?0,. So the element in the Lie algebra



For the term B, we use expression /, and get,

2 (07
Bluw) = (0 Bag)-

We can separate B, into a symmetric and antisymmetric part,
B, = Sy + Auw. Since this is infinitesimal, we can assume S, is
proportional to the flat metric, S, = an,,, and then consider its
transformations action,

/
xH* = xt 4+ ant¥x,,

et = XM — iDx¥ = anfx, =D = —ixd |

For the antissymmetric part,

thus,

X = xt+ APV x,,
iDx* = A x,,,
‘DVY . AV _ _ AMV
IDx" = A"F'x, = —A"x,.

Thus, we see that for the antissymetric part
Dl = i(x"0, — x"0,) |




For the C term, we use /ll,

1 g
Couw = 3(77[/7# 1/]0')7

1 1
Cox!'x" = E(xpx” Cor—x"xy, Cga—I—xpx“ CZU) = EQXPXV Cor—x"xy Cgo,).
Now, if,
e'pr =x, + Cpuxt'x”,

= ‘ K?P = —i(2x"x" 0, — x"x,0") ‘




Conformal algebra

Thus, we get that the Conformal group Lie algebra generators are,

1) Translation : .

3)Rotation : | Dy, = i(x,0, — x,0,) |

4) Special Conformal Transformation (SCT):
’ K? = —i(2x"x" 0, — x"x,0") ‘

The dimension of such Lie algebra is w +2d + 1.



Ford =2

In the remaining of this project, we shall focus in d = 2. In this
case, letting u, v be represented by 0,1, we get, by /,

8(061) =0 )

Og€o + 0161 = 20p€g — .

Notice that those are Cauchy-Riemann equations. Thus, we state,

Theorem
If e(z) = eo(x°, x1) + ie1(x°, x1), the transformation f : C — C,
f(z) = z + e(z)is conformal iff it is holomorphic.



Therefore, if one is dealing in the complex space, we can write €
and € as Laurent series,

e(z) = Z 2™,

nez

{z)=> 2",
nez

Thus, in the transformation 2’ = z + ¢(z) and Z’ = Z + €(2), we
can write the generators as,

I, = z"19,
I, = z"14.
The generators obey the relations,

[lny Im] = (n — m) i,

This defines a Witt algebra, after Ernst Witt [1911 - 1991].



Witt algebra

Definition
A Witt algebra is a Lie algebra of generators ,
I, = z"19,

I, = z"1a.
With the Lie bracket,

[/m lm] = (n - m)/n+m7

[/_m /_m] - (n - m)/_n-l—ma

[ln, Im] = 0.



Virasoro algebra

There is an extension of crucial importance of this algebra, which
is the so called Virasoro algebra, named after Miguel Virasoro
[1940-2021].

Definition

The Virasoro Algebra is a complex Lie algebra of operators L,

n € Z with the bracket,

[Lny, L] = (n = m)Lpsm + A(0* = n)0m .

Where )\ € C.



We can start studying CFT in Euclidean space, with the
correspondence R? ~ C by adopting z = x° + ix!, z = x
Thus, fields in our theory are described as,

d =d(z,2).

0 1

— ix".

Definition
Fields are Chiral and Anti-chiral if, respectively, ® = ®(z) and
d = d(2).

Definition

Fields are Chiral and Anti-chiral if, respectively, ® = ®(z) and
o =d(2).

Definition

® is called a primary field if, upon conformal transformation
z — f(z), we get,

®(z,2) = <g'zr>h<g§)ﬁ¢(f(z), f(2)).

Where h, h are the so called conformal dimensions.



If a field is primary, , (9f)" = 1 + hde + O(¢?), and

P(z+¢,.) = d(z,.) + OPe + O(e?). Considering an infinitesimal
transformation, we get the transformation law, Considering an
infinitesimal transformation, we get the transformation law,

5ee® = (e(2)0 + &(2)0 + hde + hde)d(z, Z) |




Stress tensor

In building actions of primary fields invariant under Conformal
Transformations, we get the Noether current,
Ju = Twe”,
by taking the derivative in both sides, we get,
OM(Tuw)e” + T 0" (") = T,,0"(") =0,

by using | and considering that T, is symmetric,

Twn? (0 - €)

7 =0= T[j:o.

Thus, we see that the stress energy tensor ina CFT ind =2 is
traceless.



If we wish to make a variable change,

T _ox® IxP
W= e oz |

where x®* € {x% x1} and z* € {z,Z}. We get,

1
Tz=1Tz = Z(Too + T11) =0,
1 .
T, = Z(Too —iTo1),

1 .
T3 = Z(Too +iTo1).

We also find out that the two non-vanishing components are
holomorphic and anti-holomorphic,

82 7—zz = az TZZ =0.




OPE

In QFT, once we have a theory with conserved charge constructed
from a symmetry, we can write the variation of the field in respect
to that transformation by d® = [Q, ®]. In our case, we have that,

inside a region C,

[T(2)e(2), @(z, 2)] JIT(Z)E(Z), ¢(z,2)]
5e,€¢ = jé dz i + fé dz .

2im



Comparing to our previous expression for the field variation and
considering the identities,

(2, 7)0e = —— }{ dz/(E(Z/)CD(z, ?),

2mi

1 e(2') -
de = — ! o
0®e 5 cdZ (Z_z,)a (z,2),

we see that,

fi i/ [TEZ) @2 (g4 hoeyo(z, 2),

2iT

(P(w, w)e(2)) n 0P (w, w)e(z)

2 zZ—w ’

= [T(2)e(z),P(w,w)] = h
[T(2)e(2), o(w, W) = b= 75
up to singular terms. There is an analog expression for the

holomorphic part. Such expression allows us to define an Operator
Product Expression (OPE) between the stress tensor and the fields,



Lemma

If & = ®(z,Z2) is a primary, the OPE with the stress tensor in a
CFT is,

The OPE can be viewed as an algebraic product of quantum fields
We may also write the Laurent modes of the Stress tensor

_ dz ..
Ln = f %Z —,-(Z)7

LnsLol = § s § ez W T (), T



In order for this to respect Virasoro algebra, we state the OPE of
stress tensors,

c 2T(w) 0w T(w)
z—w) + + .

T(2)T(w) = 5

(z—w)? z—-w

In this case, we adopt [Ln, Lm] = (n — m)Lntm + 15(n* — n)dm,—n,
where ¢ is the so called central charge. We also note that if ¢ =0,
the stress energy is a primary field of conformal dimension 2. Let's
now apply this formalism to QFT examples.



Free Boson

The action for free massless scalar fields is given by Polyakov
action (named after Alexander Markovich Polyakov [1940-]).
S= / d?z[0X1DX,].

Using Euler-Lagrange equations, we see that the equations of
motions are
00XH* = 0.

This implies that the average value of the OPE of the above
expression with any field that is not in z vanishes, i.e,

< OOXH... >=0.



Using the fact that 99X* = —% and the above statement, we

must have that
< 85X“X”(w, w)>=0

= [10X0 55 (75 (w) =

= 00 < XV (2, 2)X"(w, W) > +78*(z — w,Z — W) = 0.

This leads to the OPE,

| XF(2,2)X"(w, W) = =" [In(z = w) + In(z — )] |

And the energy stress tensor non-zero components are

1
T, = Z(@X“@Xu),

1 - _
Tez = L(9X"0X,).



With this, we see that the OPE singular terms are,

Ow XH

(z - w)

T(z2)X*(w,w) =

thus, we see that the bosonic field has no conformal dimension(The
same conclusion is taken for the antiholomorphic part).
The OPE of stress tensor leads us to,

axH

T(2)T(w) 6

OXF0X,0,X"0,X,)

%f( (20, (n;(— In(z—w)) )Xo+ 00u (M (— In(z—w) ) D X ¥ ) ...
)

%[{‘)r’)w(n;:( In(z—w))) 08y (5 (— n(z—w)))+ 00 (e (— In(z—w)) )0, (0" (— In(z—w))) | +... =,

ﬁ{ = 811,-4] T Cm4 b ().
( ) ( )

This implies that the bosonic free field has central charge ¢ = 1.
This theory is also used to describe bosonic strings in String
Theory.



Free Fermion
The action for the Free fermion field 1(z) is,

S= / d?z[(pO) + DOY).

Using the same procedure as the last case, we find the equations of

motion, o
oY =0y =0,
the OPE, .
PD(w) = ——,

and the non-zero components of the Stress Tensor,

1

T(2) = 5 (6(2)00(2)).
1



since it has no OPE with the the conjugated part, we see that the
fermionic field has conformal dimensions (3, 0).

Also, since we are dealing with fermionic fields, they anticommute,
so one needs to change their signs when flipping them during the

OPE. Doing so, we get,

1 1
;= C=1.

T(2)T(w) = 2 (000)(2) (o) (w) = e >

A theory with two fermions gives ¢ = 1, which is related to the
process of fermionization (replacing a boson for a pair of fermions).



bc Ghost system

A very similar CFT of the fermionic field is the action for the
fermionic ghost fields b and c.

S = / d?z[bdc + boE].

The Equations of motion and OPE of the fields are

The stress tensor is,

The(z) = —2b(2)0c(z) + c(2)0b(2),



with an analog expression for the antiholomorphic part. I\/Iaking the
OPE with the stress tensor gives (hp, he, hg, hz) = (2, — —-1),
the rest being zero. The central charge is,

—13
This result has an implication that in the bosonic string, the
number of dimensions is 26.



A bit about BRST

The BRST (named after Carlo Becchi[1939-2015], Alain Rouet
[1942-], Raymond Stora [1930-2015] and Igor Tyutin [1940-]) is a
process for quantizing fields. We are going to show an example
here related to what has been previously described.

Note that, if we wish to mix bosonic fields with ghost fields, we
can write the lagrangian,

S = /d2z[8X“5XM + bdc + bog],



This action is invariant under the so called BRST transformations,

OXH = ncoXH,
dc = ncdc,
ob=nT,

where T(z) = Tx + Tpc denotes the stress tensor, and Tx(z) is
the stress tensor for the bosonic part (shown in section 4.1).
These symmetries implies the following Noether charge,

Q= jédz(cTX + bcdc),

which has the remarkable property of being 2-nilpotent, Q% = 0.
This allows us to describe the physical states of the theory as
cohomology classes of Qg. This turns out to be a way to gauge
fixing the degrees of freedom in a theory.



Virasoro Modes approach

There is an approach alternative and usually more practical to
OPE, which is to define the field ¢ as a state |¢) such that,

Lol¢) = hlo),
Ln|¢) =0, n>0.
To be more precise, write ¢(z, Z) in Laurent modes,
Hz.2)= 3 2 hE g,
n,me7z

in this sense, if one has the vacuum |0), we define,
6) = lim 6(2.2)10) = 6_ 510).

If we wish to write the hermitian conjugated version, we use Wick
rotation, xp — ixp and leave x; unchanged. Thus, we make the
transformation z — % and, for a primary field, that implies that,

0(2,2) = 27222z 77 = | O = -nom




Using the OPE of stress tensor previously developed, we can prove
that, for a chiral field,

[Lm, &n] = ((h = 1)m — n)dmon,
and acting with the stress tensor is equivalent to act with L5 (0). In
fact, we can use the relation,
c

(Of[Lz,L-2] [0) =

The OPE procedure is equivalent to act the field modes with
Virasoro modes and use the commutation relations. In this sense,
the bc system ghosts can be written as,

b(z) = Z bnz™ "2,

nezZ
c(z) = Z cpz ML
neZ

With an analog expression for the holomorphic parts. Using the
OPE, we find

{bm7 Cn} = 5m—m-
It is in this sense that the charge Q is an operator.
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