Quantum Field Theory I -

auxiliar lecture notes

Pedro Casella

July 28, 2026

Contents

[L_Introductionl

2 Klein-Gordon|

|3 Dirac Field and algebral
3.1 Lorentz group|. . . . . ... ... ... ...
3.2 orentz algebral . . . . . . ... ...
3.3 Poincare Group| . . . . .. ... .. ... ..
3.4 Poincare algebra] . . . .. ... ... ...
3.5 Further details in representation theory| . .

[3.6 _Dirac equation and representation| . . . . .

3.7 Study of solutions of Dirac equation| . . . .

[4__Feynman Path Integral
AT methodology] . . ... ... .........

[ Quantization of bosonic fields|
p.1  Statistical Mechanics and QFT] . . . . . ..
5.2 Functional Quantization of Scalar Fields| . .
5.3 Forced Harmonic Oscillator and Fock Space




6 Interactionsl

0.2 Wick Theorem And Feynman Diagrams| . . .. ... ... ... ..
6.3 Diagrams for ¢ theory| . . . . .. . . .. ... ... ..
[6.4  Feynman Rules for bosonic fields| . . . .. ... ... ... ... .. 0000000

[6:5 Ualculating diagrams via partition function| . . . . . . ... ... 0oL
[6.6 S-Matrix and Optical TREOTem| . . . . . .« v v v vt e e et e e

[7__Quantization of fermionic fields|

[7.4 Yukawa theoryl . . . . . . . . . L
7.5  Extra Feynman rules for fermion and boson propagator| . . .. .. .. ... ... ..

I8 Some extra Feynman Diagrams|

19 QED - Quantum Electrodynamics|
9.1 Gauge Theory and Yang-Millg|. . . . . . .. ... . o oo
9.2 The Jewel of Physics- Lagrangean of QED} . . . . . . ... ... ...
9.3  Quantizing QED and Faddev-Popov method|. . . . . ... ... ... ... ... ...

9.4 Feynman Rules for QED|. . . . . . ... o oo o

10 Effech ol
[10.1 Effective action for one-leg Green function with potentiall . . . . . ... ... .. ..
[10.2 For two legs connected diagrams| . . . . . . v v v v i

11 CPT symmetry and Dirac bilinears|
011 Ferz Identitied . . . . . .« . . oo
111.2 Finding the bilinears| . . . . . . . . . . . . . ... oo
111.3 CPT symmetries.| . . . . . . . . . . . . e

[12 Extra: Conformal Field theory fundamentals|
[[2.7 Fundamental properties| . . . . . . . . . . o o i i

[12.2 Conformal group and algebra] . . . . . . .. ... ... o oo
112.3 Primary Fields| . . . . . . ..
112.4 Stress energy tensor| . . . . . . ... Lo e e e e

30
31
33
35
36
38
42

44
44
45
45
46
47

48



(13 Appendices| 77

13.1 Linear algebra toolbox (Al written)|. . . . . . . . .. ... ... ..o .. 7
13.2 Schur decomposition (Al written)|. . . . . . .. . ... L oo 78
...................................... 78

13.4 Quantum harmonic oscillator revisited| . . . . . ... ... o000 80
13.5 Klein Gordon vs Dirac probability conservation] . . . . . . . . . . oo v v v v oo .. 81
3.6 Residues theorem reviSitedl. . . . . v v v v v v 82
[13.7 Gaussian integral of matrix| . . . . . .. .. ... ... o oL 85

Abstract

These lecture notes are a synthesis of a one semester introductory QFT course. They were
originated from a course given by professor Ricardo Elias Matheus in IFT/ICTP-SAIFR -
Unesp. The material here contains the majority of the one-semester course and are mainly
focused in the presentation of the physical ideas and derivations. I hope to improve it in the
future. I also wish to acknowledge that much of the content here (specially the diagrams) were
handwriting by me and transcribed in latex by AI (I took the effort to check everything though),
and the first two subsections in the appendices were entirely written by Al. Except those, the
work was entirely done by me, so any mistakes or imprecisions are entirely my responsability.
For comments or suggestions, please contact me at pedrocasella57@gmail.com.

1 Introduction

The main idea of QFT is that wave functions are replaced by fields, described in all space-time.

o= ¢(fa t)'
Given a lagrangian density function £ defined on the manifold of the theory, we may define the
field conjugated momentum 7 (&, t) = W, and the quantization procedure is to treat
0 )
them as operators who respect the relations for Lie commutators as their classical
counterparts obey the Poisson bracket.
In classical field theory, we have that,

Theorem. The transformation (q1, ..., Gn;s D1y Pn) — (Q1, .ors Qun, P1, ..., P,) is canonical if, and
= 61-’

only if, |:Qian:| =0; |:Pian:| =0; Qi?Pj:|
q,p o

q.p

g
q.p

In QFT, we must have the continuous quantized version,

Definition. {fr(x),fr(y)] =0; [(ﬁ(x),ag(y) =0; [é(m)ﬁ(y)] = i6®)(z —y). Where = and y have

each four components (one time, three spéce) and the brackets denotes Lie commutator. (Those
are all being taken at equal time).

We see that this is in accordance with the association
[7 ]Poisson — 7/[7 ]Lie~

This allows us to write the definitions,


mailto:pedrocasella57@gmail.com

Definition. (First quantization) coordinates are transformed into operators that act on Hilbert
space ( ¢ — ¢ and p — p).

Definition. (Second quantization) When the operators are denoted as fields (being described in
every point of space-time). This allows us to treat then in a continuum of coordinates, i.e, we can
associate a coordinate for each point in space-time.

Let’s look at one simple example of a QFT.

2 Klein-Gordon

2.1 General properties

The Klein-Gordon equation is a relativistic equation for particles, as Schrodinger equation is for
non-relativistic particles. It reads, R
(02 + m?)g(Z) = 0.
).

We are using the metric 7, = diag(1,—1,—1,—1). Its lagrangian reads (note that we are dealing

here with a complex field),
L(),0%) = 8,00 ¢* —m”p¢".
So the equation is valid for both the field and its conjugate (we could also express it in terms of

the real and imaginary components of the field ¢).
Note that Klein-Gordon equation is of the same form of the harmonical oscillator,

(07 + (Ip|* +m?))¢ = 0.

This gives us an answer in terms of momentum. Fortunately, we can write in terms of coordinates
by doing a Fourier transformation,

By
612.0) = [ foagze™ot50,

o(p,t) = ¢(p) exp(iwpt),
wp = VBFF

Another way to write this is,

3
o000 = [ e o0

In analogy to how the harmonic oscillator is solved in standard quantum mechanics, we shall write
the solution for the Klein-Gordon equation as,

- 7 dp 1, i
¢(m):/7p ——— (dpe~ " +a;e”’“”’ ):/(27r]))3 (ap—i-aip)e_”’“’” i

(27)3 /2w, V2w,

0= [ 22 (%) it e




Note that here we are associating operators @ and &' to a continuum of p’s, in accordance to second
quantization. Now, by using the expression for Dirac delta,

- d3p i
@) = [ e

We may verify the following,

Theorem. The conditions in definition 1, [fr(x),ﬁ'( ) =0 ;

—

d(x), d(y )] —0; [q;(x),fr(y)} _
i0G) (z —y). Are true iff [dp,dq} —0: {al ] {ap,af] — 0% (p— ).

This is consistent to our correspondence. Note that these expressions are being taken on
equal times.

2.2 Hamiltonian of Klein-Gordon

The hamiltonian for any field theory is the Legendre transformation of the Lagrangian, so,
H= /d3 2) + 7 (@)¢* (z) — L),
In this way, considering that ng = 7* we find,

i = [ (7 @) + 997 @) Vote) + 0" (@)o(a) ).

Writing in terms of creation and annihilation operators, we get,

3 3
[ @ @nten = [@ [ LT = 0,)(0, -l geoior,

2

&Bpd? |
/d% Vo* -V = /d3/ b g\fi( ol + ap)(—aq + al )i Pro,

. dpdiq 1 i(p+a)e
/dgm Vo= /d?’x/ (2m)6 27(@1}7 + ap)(ag +al e PTO.

WpWq
Since,
= Pt 500z
58 (5 + ) = / e (F+)7
" Bp w
/d?’x (7*(z)m(x)) = / e ?p [a;;ap — a;;aip — apaq + apa;} .
3 * 2 % d’p wp | i tt 1
d’z (Vo -Vo+m= ¢ ¢) = (2r)3 2 apap + apa_y, + apag + apay, | -
So,

H= / aaerap L)




Notice that this may be restated as

d3p n 3
H= Wwp@apap + (27)°6(0)).
This infinite is normally dealt with by shifting the hamiltonian, so the zero energy vanishes (this
will be very important later, in QFT II).
2.3 Conserved charge

The Lagrangian, o
is invariant under global action of U(1), i.e, £(},¢*) = L(¢e'?, ¢*e~®). In terms of Noether
current, this implies that, upon normal ordering

ji— i(a”w _ ¢a“¢).

This implies the conserved charge,

Q= [ @a3 (57 -76)

substituiting by the expressions previously found for q/3 and 7,
A 1 .. o
Q= /d3p§(a,z7ap — a,T_pa_p).
We can check that,
AL 1.
Qaj, |0) = 5ay[0) ,
AL 1.
Qal,|0) = —5a’, |0).

This leads us to the interpretation that we have two types of particles with opposite charges (one
described by the operators @, and the other by a_,). In fact, we find that we can describe the particle

and anti-particle state, |p,+) = af [0) and |p, —) = aT_p |0) respectively. Thus, the existence of
the anti-particle is intrinsically inside the description of the complex scalar field.
2.4 Correlation functions

Now, we wish to compute quantities such as D(z — y) = (0| ¢(2)¢(y)|0). We shall, wlog,
consider a real field, ¢(x) = ¢f(z). Now, computing,

1 Bpd? o _—
01 6@ow) ) = 55z [ 5 L Ol 0) )

by using (0| dyd," [0) = (0] [dp, d,']|0) = (27)36®) (p — ¢), which leads us to,

3
(0] é(2)6(y) [0) = D(w —y) = (er)g %e—w—y) |




This is the two-point correlation function for scalar fields. Usually, we are worried about getting
expressions that are symmetric for z and y. Thus, we will work with,

0116606010 = ooy [ gule>e) - )

We can get this answer by using contour integrals. Assuming 20 > 140 we get,

(O [¢(), (y)] |0 (em ==y,

27mp 7m2

where p? —m? = p2 — (p* + m?) = p2 — wf,, and C is a path that takes both poles, as indicated in
the picture below.

T
£ f <
w,
- v
— }‘u‘»\ 7 7 * R

Figure : Possible sketch of C1.

Since this only works for 20 > y° (otherwise it vanishes), this is the retarded propagator,

d*p i .
D ) = —ip(z—y) |
R(x y) /C1 (271_)4 p2 _ mge

From this, we infer the propagator in momentum space.

Di(p) = ——

p27m2 i

And we may also check that,

(% +m*)Dg(x —y) = i6W (z —y) |

We can analogously define the advanced propagator. There is however a method (called Feynman “s
prescription) to take into consideration both, by defiming7

Dp(z— (e~ (z=u)y,

27rzp —m2+ze



for € small. This allows us to get,

Dp(x —y) = 0(z° = y°){0] ¢(2)p(y) [0) + O(y° — 2")(0] (y)d(2) |0) = (0] T{¢(x)e(y)} |0) ,

where T denotes time ordering. We also get,

(@ + m?)Dr(z —y) = —id*(z — y)].

3 Dirac Field and algebra

3.1 Lorentz group

Lorentz transformations are, by definition, transformation that leave the line element unchanged,
i.e, transformation of coordinates so as to respect,

Gur (") (2") = guor™z”.
Lemma. Lorentz transformations are linear
Proof. Just check that (az; + x2)" = ax) + z4. (Works only in flat space). O
Thus, we have that 2/ = A¥z", which leads us to the relation,
Apguwg = Guo-
This leads us to the definition,
Definition. The Lorentz Group SO(3,1) = {A € My(C)| AnAT =n}, for n = diag(1,—1,—1,—1).

Sectors in the Lorentz group may be classified as follows (Note that they are not subgroups,
except for the first one (Exercise)),

L1 = {A € S0(3,1) | det(A) = 1 and A% > 1},
LY = {A € 50(3,1) | det(A) = 1 and A% < —1},
L' :={A € SO(3,1) | det(A) = —1 and A% > 1},

LY :={A € SO(3,1) | det(A) = —1 and A% < —1}.

S0(3,1) =Ll uLL ULl uL*.

The above is a Lie group. The fields transformations under Lorentz obey,
¢'*(z') = R(A)§0" (),
where /¢ = Agxﬁ. Where R(A) is a representation of such a group element, and it writes as,
R(A) = ¢4t

where A% is a Lie algebra generator of Lorentz group.



3.2 Lorentz algebra

We know that,
Lie(SO(3,1)) = {X € My(C)| ¥ €50(3,1)},

X =—-nXTy|

X = (XA,

this implies (exercise),

This means we can write,

which leads us to,
X = —xPe (o).

This implies that the non zero elements of X obey,

X = X7,

X% = X7,
Which means that Lie(SO(3,1)) has the basis of 4 by 4 matrices (the non appearing elements are
implicitly zero),

01 00 0 0 1 0 0 01
1 0 0 0 0 10 0 0 01

{0 1 {0 "0 -1 0 0 |’ 70001}
0 0 1 0 -1 0/ \0 0 -1 0

Thus, we note that # Lie(SO(3,1)) = 6. We can also call this basis {—iJ%, —iJ02, —iJ03, —iJ12 —iJ13 —iJ?3},
where we are admitting J*¥ = —J"". The matrices J*’ obey the bracket relation,

[Juv’ Jpa} _ .(na,ujup + npry,U _ ,r]pp,JI/O' _ nucr!],up).
This defines the Lie algebra of Lorentz group. One important observation is that the linear operator,

7 =o'

also obeys the Lie bracket relation. Thus, we have another representation for the Lie group.

3.3 Poincare Group

The Poincare group is the extension of Lorentz group so as to include all isometries in Minkowski
space R31 i.e,

P(3,1) = {F :R®! — R3!

Nupdx®dz” = Ny, (dF (z))" (dF (x))"}.

For such transformation to obey the property above stated, we should add a translation to the
coordinates z, so as to vanish when we take dx, thus, a general Poincare transformation (Minkowski
space isometry) is,

2" =AYz’ + a".

= ]

as expected. Note that, (Alz? + a*) = A/¥A%x? + Al'a™ + b™, which is itself a transformation in
P(3,1), thus, the only non trivial property of group structure of P(3,1) is proved.

We thus see that,



3.4 Poincare algebra

The algebra of Poincare group is an extension of Lorentz algebra, we just have to find the
generator for translation,
etX:L,u — gt 4 au,
tXz" =a",
in order for this to be true, X = 9,. Taking ¢ to be imaginary, we get the generator of translation
to be,

P, = —id, ),

which surely implies [P,, P,] = 0. Thus, we must have that #Lie(P(3,1)) = 10, since we got 6
generators Jy, and 4 generators P,. At last, using the representation found at the end of section
3.2, we get,

[Juvy Pp) = (2000 — £4,0u)0) — 0p(24,0p — 40u) =,

= _nuwégjav + ﬁvw5§)au7
= ‘ [Juw, Pp] = i(NupPy — nvpPu) ‘

Thus, we can finally describe Poincare algebra.

Definition. The Poincare algebra is the Lie algebra of Poincare group P(3,1). It is a ten dimen-
sional complex Lie algebra that has as generators J*V = i(z"0” — 2¥9") and P, = —i0,. The Lie

commutation relations are,
1) |[P,,P)])=0]|

2) ‘ [Juv, Jop] — ~(nUquy + nuo'Jup _ np;LJUV _ anJ;l,o') ‘

3) [ [uvs Bo] = i(upPo — 1y P) |

Important note: Each J"¥ is a linear operator itself (just like P,), not different matrix elements,
thus, by the antisymmetric property, it has 6 independent possible outcomes.

3.5 Further details in representation theory

We first remind the definition of tensor for our purposes.

Definition. A tensor of rank (k,n) is a (k+n)-linear operator such that the following transforma-
tions apply,

; ! !
7 axu1 axuk 8,’1}v1 83:% ..o (:17)

© Oa'or U Qa’k Oz, O, BB

Tv/ulmulC (I/)

V1,...Un

Under this, we define a scalar field as a 0 rank tensor,
¢'(a) = ¢(x),

and vector field as a (1,0) (contravariant) or a (0,1) (covariant) tensor,

/o / axa
() = o (@),
/ no_ 6.%‘:1

10



Definition. Fields that transform as tensors under Poincare transformations are called Bosonic
fields (or bosonic representation), i.e,

Bt (a) = AL AU AS AP BS (2) |

V1,...Up, (7 i VI Vn 7 B1,...0n

Analogously, we define fermionic fields as fields that do not transform as tensors. Examples will
be given in the next section.

3.6 Dirac equation and representation

As we know it, Dirac equation (proposed exactly 98 years before I am writing this very sentence)
relates the behavior of relativistic particles in order to have probability density positive defined. It
is written as follows:

%—f = —i(d - V) + Bmap,

where 1 is a four component spinor (this is an example of fermionic field whose precise definition
shall come later. For now, see it as a vector with four components), and the matrices are,

00 0 1
oo 1 0
=10 10 o]’
100 0
0 0 0 —i
w00 o
2710 =i 0 0]’
i 0 0 0
0 0 1 0
o 0o 0o -1
=11 0o o o |’
0 -1 0 0
10 0 0
01 0 0
B=10 0 -1 o
00 0 -1

The matrix form of Dirac equation is,

i0yY1/0t —i0Y4/0x — 04 /Dy — i0Y3/0z + mil
oyY2/ot | | —i0y3/0x + 0Y3/0y + i0v3/0z + my2
i0Y3/0t | — | —i0w2/0x — OY2/0y — i0Y1/Dz — map3
io4/ 0t i1 /0 + 01 /By + i002)0z — mb2
We can write the Dirac equation in a shorter way by identifying 8 = 7° and v* = —fa; = Ba’, we

get

‘ (i7" 0y —m)p =0 ‘

11



Matrices gamma {70, v1,¥2,7Y3} are the so called Dirac matrices .The Dirac matrices obey the
so called Clifford algebra,

uv

and matrices 7, the so called Clifford algebra obeys ,
{777} = An"".

Where A is a constant. In the case of Dirac matrices with the metric convention we are using
(1,—-1,-1,-1), we get,

Definition. The Given a matrix n

{77} =2

Where, of course,

7" = 1" = 1" =70, 7' = ]

With this, we may show a wonderful property of Dirac equation. If we take Klein-Gordon,
(=07 +V? = m*)¢(z) =0,
we can decompose into (exercise),
(17" 0y — m) (iv* 0y, + m)p(x) = 0.

We can thus see that any solution to Dirac equation is indeed a solution to Klein-Gordon (which is
consistent, since Dirac equation was build in order to match it).

Now, we can give an example of a fermionic representation. Take the quantity,

i

=1

[y, 7"]-

We shall prove that M = e~"=5"" where 6, is antisymmetric, is an element in the Lorentz group.
Theorem. S“Y obeys the Lie algebra of Lorentz group.

Proof. From the Clifford algebra condition,

i

4

i

S 2

(,YU,Y’U _ ,yv,yu) — (,yu,y’u _ ,',’u’U)7

Which implies that,
[, 877] = 7"y P77 =Py
By using Clifford algebra again, we find that we can exchange terms by,
YAy = (VP = {2 I Y Y
Using this property again, we get to,
(5", 577] = i({vp,vu}v”v" + {17 1 = T = {7 )

By finally replacing the brackets, we arrive at,

‘ [Suv7 Spa] — Z-(na,usup + nV,[)J/LO’ _ npp,Jl/a _ nyaJp,p) ‘,

which is Lorentz algebra Lie bracket. 0

12



With this, we can finally define,

Definition. A spinor is a field ¢(x) that transforms as
¥(a') = Mu(a),
where M = e~ 5" under Lorentz transformations,
= Alz”.

Also, quantities that transform like this under Lorentz are called covariant.
Theorem. M ~14*M = AUy
Proof. We shall use first order in 6,

MM = (14 045" )" (1 — 10, S™") = 4" + 10,5577, v"],

Note that 6,,577 = %9p07p707 and, since (by the previous theorem),

ou _ PU~O

YTyt =27y — P y7) + P,

S0,
M™M= A" = 0,0 (n7"y" = 1""7) =,

= (05 +20,50"")77.

Taking wy = 20,,n°", we get,

M™M= (6% + wi)y” = Aby”.

With this, we shall prove the covariance of Dirac equation,
("0, —m)¢' = (iy" (A™1)}0s — m)My =,

= MMy M(ATY)50, — m)y = M[(i7°0, — m)y].

Note also that, if Dirac equation is valid in one coordinate ((iv*0., — m)y’ = 0), then it is valid in
all coordinates under Lorentz transformation (Lorentz invariance of the validity of solution). One
can also show that 11 = 1772 is invariant and 4“9, is covariant, while 114 is neither. In order
to construct the Lagrangian of the theory, we must take a Lorentz scalar. This is done by noting

that (Exercise) 9t = 117%) is a Lorentz scalar. Thus, we find the Lagrangian,

£ = (i7" 0, —m)y |

13



3.7 Study of solutions of Dirac equation

This is perhaps the most exciting part of the study of Dirac equation. First, note that, having
4 components, we can write Dirac spinor as,

_ %)
V= (1/11% '
Those are so called left-handed and right-handed Weyl spinors (after German mathematician Her-
mann Weyl (1885-1955)). Under Dirac equation, taking the representation,

(01
Yo = 1 0/’
i 0 O'i
’7_(0'7'. 0 ’

where o denotes Pauli matrices, we get,

(z'(ao :?;ﬁ) @ :iﬁ)) (ii) =0

For massless particles (as the case for neutrinos, approximately), we get Weyl equations,
(8o + - V)yr =0,

i(8y — & - V)br, = 0.

For the free particle in Dirac theory, we have ¢(z) = u(p)e "%+ + v(p)e™ ®+. Substituting in the
equation, we get,
(° + - Plur = muy,

(pO — 7 p)ur, = mug,
(po + - plvg = —moy,
(p° — & - plu, = —mug.

In the rest frame, this leads to,

Where £ and p are 2 components column vector. In order to get the solution for other frames, we
apply a Lorentz boost. Remember that since we are dealing with Spinor, they transform under
M = e 2%+5"" 50, taking a Lorentz boost,

wy =t (§) =

14



(5 (7 2)()

Under this convention, we get (Exercise) 04 = A% — §%. Thus, knowing that, under Lorentz boost,
we get p’® = m and p"/ = m#), we have,

v = (§)+ 2 (0F) - (“ ka )5>,
: o’ (1+57)¢
this was done for an infinitesimal boost. For higher order terms, we can acknowledge a square root

expansion, so, wlog, we can write,
u(p) = (VP2
V- 05

where & = (1,0%) and & = (1, —o?). Analogously, we find, we are actually doing the contraction of
the four vector p* with ¢* with identity metric tensor. Analogously, we find,

/0 (5,)

Thus, the general solution for free particle in Dirac equation is,

ooy = (VEZE )
= Vit - pers) ) |

We can also note that, by introducing the convention ¢7¢ = —pfp = 1, we find,

u(p)a(p) = p +m,
v(p)v(p) =p—m.

The notation p = v"p, is the so called Feynman slash notation.

3.8 Dirac current

As we know, in Weyl representation, Dirac matrices are,

0_10 i_OO'i
=0 —1) T T\t o)

~1 0
7’ =iyl = ( 0 1) :

We introduce

Thus,

i
V= T Ve

Also,

15



[v%, 8] = = |7° 7" — ¥*4*7° = ¥y + 4V y#4% | = 0.

N

And,
{*.1"}=0.
Taking the Dirac Lagrangian,
L = ipy"0,0h — mapp.
We note a global U(1) symmetry,

1 — pe?.
By Noether,
oL oL oL . -
0L = %(591/) + W(Sg(a,ﬂ/)) + 87’(/7}691& =0,

o (i) =0 > =i

the Noether current. With the advent of 4 we can also write another (on shell) global invariance,

Y(x) = 7 ().

oL - - - =
Gl =0y (m) = VYO — Yy Ou — m( — iy + zw”w).
9(0u)
Gl =0y (www%) =0y, 70

Considering the equation of motion,

i’Yﬂauw - mw = Oa

VYO = —iy"y 0t = my°,
Ou(r"y° ) = 2imy .

G = hyPySep (Axial current),

8ugh® = 2imapy™y,

which is only conserved for the massless case.

16



3.9 Quantization of Dirac Equation and Spins

As we know, Dirac lagrangean is written as,

£ =iy 0, — m)v |

This implies the hamiltonian,

1= [ da® 4l (-7 ¥ ).

d3 ezpw s s
vie) = [ G5 s g L) 0L )

Where I am summing over the spins. If we adopt a similar quantization procedure we adopted
for Klein-Gordon field, namely (at equal times),

Wa(f)’l//g(y)] = 53(1' - y)5ab7

we get, (straightforwardly seen, but not directly), [aj,, aZT] by bgT] (2m)36G) (p—q)6"*. And the

others commutators are zero. When we substitute this into the hamiltonian expression, we find,
d3
H= / g stas —b3bs)).

We find that the energy can become arbitrarily negative, because, when we act this on the
vacuum, the second term can be shifted to have the creation operator at front, and the created
term will coexist with delta of zero, which is not good. So, we shall use another commutation
relation. Assume the following holds,

{Ya(2), ) ()} = 63 (x — y)dap |

While the other relations are zero. The fields are thus written as,

w( ) / d3 Z 2pm+bST s( )zpz)
T \/ﬁ apu® Ve (p .

P(x) = /d3 \/;TZ pive bs‘l‘ 5 (p )eim)

The commutation relations are {a},a3'} = {b, b5} = (2m)36®) (p — ¢)6". And the vacuum is
defined as the state |0) such that a; |0> = b, |0) = 0. We create new states by acting the creation

operators on the vacuum,
|p7 S>a =V QEPG’;T ‘0> )

those states refer to fermions, and

Ip, S>b =V 2pr;S)T 0) |
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refer to antifermions. (Note that this is in consistency with Dirac interpretation of the lower
components of the spinor). Also, note that, for both a and b,

<p7 S| |q7T> = 2Ep5(p - q)drsa

is Lorentz invariant. The hamiltonian of this field quantized like this is,
d3p S S S1.8
H = / o o (e — 13pi1),
S

d3p ST s stps st 18
= | G (Bp(asas +b5703) — {031, b5}).

The last term is infinite at vacuum, but we can avoid that by defyining normal ordering by,

d3
s1.8T
H= / < )

Where : a;Ta; = a;TaIS) and : apapJr = —aIS)Tap to avoid the infinite. The same is valid for operator b.
We see thus that the normal ordering for fermionic operators carries a minus sign (anticommutative).

An important observation shall be made: we could, in principle, have defined

3

o= [ Gy mzau S (e,
3

5= [ Gy &Z 0] e ).

This would imply in H havmg the same format as in the "wrong” quantization,

/ Ep(asas — b3Tb3)).

Note that this does not matter, because, When we write the anticommutation relation, changing
b to bt does not make a difference, while it does for the Lie commutator. That s the core of this
change.

Also, since {b,b} = 0 (I am simplyfing the notation), it implies that b*> = 0, so a given state
cannot be filled more than once (that is, the system obeys Fermi-Dirac statistics).

4 Feynman Path Integral

4.1 methodology

We shall now introduce a new vision of what ”Quantum Mechanics does” by introducing path
integrals, first described by american physicist Richard Phillips Feynman (1918-1988) in 1948.

First, take |1 (ts)) and |1(ty)) elements in Hilbert space of the theory (#), where |¢)(tf)) is the
time evolution of |¢(t)). We define the operator U : H — H such that |¢(t)) = U(ts,t;) [1(ts)).
From this, we take the following properties,

1) U(tt)=1Id

18



2) U(t27t1) . U(tl,to) = U(tz,to),
3) Ult,r)=U"t,7)=U(rt).

Note that this follows easily from thinking about the non-relativistic approach (Schrodinger equa-
tion) with constant Hamiltonian, where U(t,7) = e~*#(=7), With this , we define the Propagator,

[iGlay ity ) = (og| Ulty,t) o) |

Note that |G|? denotes the probability density of transition from (z;,t;) to (xf,ts). Lets start with

a free particle H = £—. Upon a Fourier transform, we get,
iG— 217T i (] it (t—t0) gipe o) = %/ dp e—iEn(t—to)gip(e—a0)
doing the integral, we get,
m .
iG = més“,

m(z—xo)>

= is the classical action. If we decide to take a more general Hamiltonian,

where Scl =

H = I~ + V(x). For this, we consider infinitesimal intervals of time,

et — 1 _ i Hdt.

We can separate the space components as xg, x1, ..., £y = = and call infinitesimal time as dt = tjv .
Then, we shall call,
iG = lim <xN| Hg\LBlU(ti_H, ti) ‘$0> 5
N—o00

but there is a twist! We know that, if a particle goes from xg and gets in z, quantum mechanics
state that there is no trajectory that the particle takes between those two until we measure it. That
seems to invalidate our idea to partition the path. That’s why we got to sum over all possible
partition points, so we consider all possibilities! Thus, we write the function as,

= lim / /dl’l deN 1H <Ii+1‘U(ti+1,ti) |I’l> .

N—oc0

Now, since we are considering infinitesimal time, we apply Fourier transform in all integration
coordinates and get in each,

1 CiHdt i (e — s 1 CACH i
%/dpj et telpj(”c,-u x;) — %/dp] e i( pjdj) t.

Thus, making the integral and substituting in the propagator, we get,

iG = /D lS tto)
t -2
Sttto) = [t (Mg V),
to

19
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and the integration measure is,

N
. m _
M“m‘$£(vmmﬁ sy der

Note that there is no guarantee that this measure will converge (it does in the free particle, as seen,
and in harmonic oscillator, as we shall see). This gives us a new description of quantum mechanics,
and a very interesting relation to Hamilton principle: Note that, if we were not using natural units,
then,

iS(t,tg)
R

iG = /D[z(t)]ei.

This implies that dG is proportional to ‘%S. For big systems, where S is relatively big, we see

that this variation is too high, where ups cancel downs and the average result is zero. Thus, the
probability for the path taken by a certain system will be concentrated on the paths such that
0S5 = 0. This explanation is surely one of the most exciting aspects of this methodology. (Note
that we are working with the non-relativistic case).

4.2 Harmonic oscillator

We shall explore more the case where V' # 0. For this, we take a partition of the path around
the classical trajectory, xr = ¢, + nk. The action can be written as,

m(x; — ;)

Sij(wa) = =7 (0i-15 + dit1) — Vij ()i dt.
V(xCll)
V= V(xdz)
V(mClN)
Making a Taylor expansion,
" (37
s . . N Lel) o
S(%) = S(Te) + S (T, ) + (2 ) 24 .
Note that, by Hamilton’s principle, S;;(wc, ) = 0, so we get,
(iS(@) _ giS(wa) i 2 etk y?

)

.S (wgy) . 2 . T 2
we know that e' 2 7 =exp w and S} () = 9 Swel) then, we find:

6.’1)161']'
If |i — j| > 1, S/, = 0.

Ifi = j, Sh(za) = 22 — V" (xa,)dt.
If[i —jl =1, S = 5

Thus, we find that,

V" (xer,)
.
1 2 -1 .. —dt V¥ (#el,)

V”(ICIN—l )
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Thus, we find,

N T M
G = 1 m iSel N-1 wm- M
iG = A}l_rgo (1 / 2i7rdt) e /Hk:1 dny, exp 5

We solve the integral,
inT Mn T
/chvz_lldnk exp N > = —,
det (1)

N N—-1

. 2
o= g (Vo) eS|
N—o0 idt det(UQM)

Notice that, for V' = 0, the integral is,

and arrive at,

()75

and, substituting, we get back the expression for the free particle, as expected. Finally, if we are

dealing with the harmonical oscillator, V = %””)2, we find,
2 — (wdt)? -1
m -1 2 — (wdt)? -1
M=— -1 2 — (wdt)? -1 .. ,
di -1
-1 2 — (wdt)?

2— (wdt)?
2

and then, using cosh (wdt) = and sinh (wdt) ~ wdt, we get,

mw ;
iG = Sl )
! \/ omisin(w(t; —to)) "

Where S, = f;f clt(mQj”2 - %I)Q) If we take z(t) = Acos(t) + Bsin(t) and [to, ;] to be the period

of oscillation, we finally get the expression for the amplitude of quantum harmonic oscillator,

imw z(t £z (tg)
'G mw 2 |:(m(tf)2+z(t0)2)COt(w(tftO))2sin(wf(tf—too>)
Z = . .
2misin(

w(ty — to))e

Notice that, by making w — 0, we get the free particle solution, as expected. We can also treat for
the quantum forced harmonical oscillator, but the method shall be more appreciated once we get
deeper into application of Field Theory.
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4.3 Aharanov-Bohm effect

A wonderful application of Feynman’s path integral is used to describe Aharanov-Bohm effect,
first described in 1961 by american physicist David Bohm (1917-1992) and israeli Yakir Aharonov
(1932 -). Imagine a particle passing in the double slit experiment as the picture below.

Figure : We have a particle that is being split by the double slit. Inside it, we have a solenoid with
magnetic field B in the interior, but outside is zero (the potencial A has vanishing curl outside the
solenoid, but not inside it). We outline the splited paths by 1 and 2.

Since the particle experiences no field, we know that the action is,

SEM:—/€g~d}.

Suppose that first the magnetic field in the solenoid is shut down. There is no potential vector,
and we know that the amplitude of the particle is a linear superposition of the two paths, so, by
Feynman path integral, we find,

Ji Dle()]e™ + [, D[z(t)]e"™ & 4 &y
V2m o Ver

where, by symmetry, we assume ®; = % and 5 = e\i/e; . The probability density function is,

iG =

01702 )

cos? (45

[iG|* =

Now, if we turn on the magnetic field, we field that the phases change by ®1 — et eA-de anq
Py — Poei/2eAdr Thyg, the probability density changes to,

cos? <91;92 - [ eA - d_a:")
liG|? = :

™

By Stokes theorem,
| eAdi=cd ad-9xi-con
2-1 2,1
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in which ®p is the magnetic flux present in between the paths 1 and 2. Thus, even if the particle
does not interact with the field, its probability density is altered to,
2(01—05
cos —ed
g = 5 —<n)

™

which is a measurable effect by noting how the patterns of interference are shifted when the magnetic
field inside the solenoid is turned on, as the figure below indicates.

Detector Screen

Double-slit Screen

Source

.....

<= Shifted Patern

Solenoid
" == Original Pattern

Figure : The interference patterns are shifted. (https://physics.stackexchange.com/questions/619427/is-
the-bohm-aharonov-effect-a-proof-of-real-ul-local-gauge-transformations).

The fact that this observation is indeed seen (which is the Aharanov -Bohm effect) indicates

that the vector A has physical significance instead of being a mathematical trick appearing due to
the divergenceless of B. Note that this is a purely quantum mechanical effect.

4.4 Dirac argument for magnetic monopole

As a final application, we shall explain about an argument formulated by Paul Dirac in 1931 to
the existence of magnetic monopoles.

Suppose that there is a magnetic charge g in the universe. The expression for the magnetic field
generated by this charge is presumably equivalent to the expression of an electrical field generated
by a single charge,
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By consistency, excepting the origin, we must have a vector A that, written in polar coordinates, is

i_ pg(1 — cos 0)<i>

rsinf

Now, imagine a particle with electrical charge ¢ going in a loop around a line that intersects the
magnetic charge, as the figure below.

Nz

Do
e

¥

Figure : The magnetic charge is at the origin. We consider 6 — w and r — oo. The line z is the
so called Dirac String.

%
K

We'll consider §# — 7w and r — oco. By Ahranov-Bohm effect, the electrical charge would
experience a change in phase going around the loop of,

/27r pg(1 — cos 0)®
0

- rsin 0d® = 4mwqpg.
rsin

5(,0:7{ A-dz = lim lim ¢
loop

T—00 —T1

At principle, this phase difference could be measure by doing this experiment in regions where the
value p or the charge ¢ changes. Since this is not observed, we infer dp = 27n, where n is an
integer. This implies that,

n

9=5-|
2pg

Thus, if a single magnetic charge exists in the universe (presumably in a very distant place from
what we have reached so far), this implies the discretization of electrical charge!! This explains
why particles have only quantized quantities of it, which is a long time mystery. The search for a
magnetic monopole remains ongoing at the time of writing (January 7, 2026).

5 Quantization of bosonic fields

At last, we explain how Feynman’s procedure is used in QFT. We shall use it to compute
correlation functions. First, we’ll make a very important and beautiful connection.
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5.1 Statistical Mechanics and QFT

In statistical physics, we know that the Canonical Partition function is,
By=) e PF,
n

where n denotes the possible states of the system. Moreover, in the language of linear algebra that
we are mostly used to in Quantum Mechanics we got,

Z(8) = (n|e "M |n) = Tr(e™),

n

When we compute the transition amplitude from |z,t) to |z/,t’), we get,
iG = (2’| e HE =1 |3y

Using the completeness of the base, ) |n) (n| = 1, we can rewrite the above expression as,
iG = E:ﬂm7ﬂ "0 {n) (n] [)

By calling ¢, (2') = (2| |n) and ¥, (z) = (x| |n), we have,
iG = Z 1;[}% wn 77:En (t'—t) .
Thus,
/dm’dm |z, t) /dx dz(n (2 (2))e ™ En 1) = Tr(efi(t,ft)g).
This implies that, under the association 8 = i(t' —t), we get,

Z(B) = /dm’dm (x',—iB| |z, 0) .

That’s an important association. We see that an integral over space of the transition amplitude
considering imaginary time (a procedure named Wick rotation after Gian Carlo Wick [1909-1992])
is equivalent of a description of a statistical system of the canonical ensemble. This is not only very
beautiful, but it points to a mind-blowing interpretation of what is going on (namely, that QFT
is indeed a statistical system, but the interaction with microstates is replaced by interactions with
vacuum). Moreover, by changing the measure of integration and considering infinitesimal time, we

find,
ZB):/D[x(t)] ettt

t it
S = / dt' (@ - V) = / —idt"(—¢* - V) = i/dt’H =iSg,
0 0
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where Sg stands for Euclidean action. Thus, we can write this as,

Z = /D[x(t)]e*SE .

We took of the time in the integral because its specific values in the limit of the integral do not
matter. The above expression is called Feynman-Kac formula (after Feynman and Mark Kac[1914-
1984]). We can use it to get expected values as we do in statistical physics. For the mean value of
a quantity A(z), we have,

[ DllA)e
A= T Dl @)e 5

We will often normalize the denominator. Note that the correspondence of S and Sg is made by
doing a Wick rotation.

(wq)?
2

Example. Take the case for an Harmonical oscillator, Sg = fot dr {q; +

Z:/quxp[—/(fdr(f—i— (qu)Q)}

note that, by doing a partition and decomposing the integral into a Riemann sum, we find,

Z:/quxp[_;eC%HQ;%)?_~_(wgi>2)}

as one can see, this is a sum of classical oscillators (as dealt with Canonical Ensemble). This allows
an interpretation that, in this case, quantum oscillations may be seen as termical oscillations of a
classical system.

} . By Feynman-Kac,

5.2 Functional Quantization of Scalar Fields

By the last section, we find the average value of a quantity ¢ to be,

q1(t1) .
<q(t) >=/ Dq eSlig(t).
qo(to)

If we are to write correlation functions, we need to use time ordering

< T{qg(tr), o dltn)} >= / Dg &ST{q(t1), - qltn)}.

We may write correlation functions for fields,

< B(ty)..o(tn) >= /D(/)l...Dan eST{p(t1)..0(tn)} |

This leads us to define the n-point correlation function:

Gultrsentn) = [ Dor1D6, STo(01).-0(0)} |
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One way for us to get it is to define the generator function,

N

Z/dtl dty % n(t1etn) T (1) T (t0),

n>0

we may rewrite the above expression as,

[i J dtJ(t)qs(t)}
/D¢ £S191 3 ' :/D¢ (SB[ dtT(9(1)) |
n>0 n
oz
. =G, |
Z”éJ" J—0

(We used some facts about the derivatives of distributions of functions that were not explicit here).

Example. Take the functional Z[J| = exp{ [ dtJ?(t)f(t) + X [ dtJ3(t) + p [ dtJ*(t)}. The three
point correlation function is,

83z

— = —6i\.
LDAS A
While the 2-point correlation function is,
82z
= =-20.
80J?% |, ,

This represents a standard pattern: only terms to the power of a number with the same parity of
the degree of the correlation function being taken will appear in the final expression.

5.3 Forced Harmonic Oscillator and Fock Space

Note that, by the expression of Z[J], we may find an analogous way to find the equations of
motion by considering J to have a physical meaning. This may be done by applying functional
derivatives to the expression and setting it to zero,

35(o(t))
99(t)

Take for example the harmonic oscillator,

+Jt) =0

—wq—G+J=0.

This shows we can treat the J term as an external force. We may treat it in a more rigorous way
by introducing Fock Space.

Definition. The Fock Space (after Vladimir Fock [1898-1974)), is the vector space of the form,

=0 =3 Lt

For v € C.
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Proposition. The Fock space is the Figenspace of operator a.
Proof.

" n—
aly) =Y Loata+ 1)) o),
n>0

note that a'a is the number operator, so, when applied to (a")"~1|0), we get n — 1, thus getting,
— ,yn—l tyn—1 0) = ~af 0) =
aly) =) ——(a")"710) =™ [0) = v ]7).
n>0 (TL 1)

Note that, since all the possible eigenvalues of a are there, it is also true that all Eigenstates of a
can be seen as Fock space elements. O

We thus have a natural vector space to work with in the Harmonic Oscillator. We can calculate
the amplitude of transition between states,

F(o! ¢, o, t) = (o ¢ o, t) = (of | e =0 ) .

The hamiltonian for this case is H = £ + 222 _ qJ =w(N+ 1) - JatJal Before we shall prove
2m 2 2 V2w

an important property,

Lemma.

211

Proof. If we take o = re and make the substitution of variables, considering |a) is an element in
the Fock space, we find that the integral is,

[ [ (arm)(vg5er)

27T [e%) n+m
r 2 r )
= drdf—e™" g =m0 10y (m >
/o /o m <n}m vnlm! In) (ml

2

Upon doing the integration in # and changing variables x = r
o e~
I= /O dr » —
n
Considering those are orthonormal states, we must have that,

0o et
I\m):/o dx " |m)

considering the expression for the Gamma function, we have,

, we get,

x

n) (n].

Ilm)=1|m).

Since this is valid for all states, we find that I must be the identity operator. This finishes the
proof. O
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With the above lemma, we can rewrite the amplitude expression to,

dajdos

_2 ) . .
o (anpal e M an) (| e Jan 1) .. |a) (01| e~ Jag)

F(Ot/7t/7a,t) = /H?:1
and we know that,

<a| efieH |’)’> _ efieH(a,'y) <a| |’)’> _ efieH(a,'y)ec'vy.

By substituiting,

doida; - S
F‘(o/7 t’7 Q, t) = / [H?_lo;maz] exp (Z —’L'GH(OéH_l, Oéi) + Z(o’ziﬂ - 6&1‘)0@ + 041040).

=0 i=1

Treating this as a Riemann sum, we find,

Flod 1 ont) = / DaDaexp (z /t dr (=i~ (ma(r) — H()] +o7(t)a(t)>.
Note that the action for this expression is
S\t a,t) = /t dr [—ic(T)a(r) — H(T)] + a(t)a(t).

Considering the variation of o and & are zero at the extremes, we find that the principal of extreme
action implies,

S . O0H
AR P
6S .. OH
B B

H =waa —ya —ya.
Where () = % This leads to the equation of motion,

B+i(wB—7)=0.

This leads to the solutions,

Mﬂ=5®J“”H%/ZkW“”H@7
t

and the respective conjugated part. Note that we have the classical solution for the Harmonic
oscillator (ar(t)e™(*=7)) plus another term, which refers to the forced part. We may get the partition

function now,
2 2 9
Z[J]:/Dq exp (i/dt {q;q—i—J-q])
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Considering that the coordinates in the extreme points are fixed, we can write the action as,

Slq, J] it = 82+ g+ J

= —q| = tw .
q, 5 U\ 5 q q,
and, since the classical solution is an extreme of the action, we can write,

A
Slg, J] = Slga, J] + g(q —qa)’.
We can then rewrite Z expression as,
Z[J] = ]\jeis[qch]7

where the constant N does not depend on J.

where i(g; + w2) = A~!. We can see that, upon taking the EOM on the action,

A gy =il

Thus, we arrive at,

Gai(t, J) = qu(t,0) +iAJ \

The form of operator A (up to a Feynman prescription in order to avoid singularities) is,

d ip(t' —t)
A(t,t) =i p_°

o1 p? —w? +ie |

At last, we may simplify the generating functional by noting,

65 iJ-A-J
ﬁ :qd(ta‘]> :>S[qdaj] :(ch(f,o) J+ I e——

Which leads us to,

J-A-J

Z[J] = Nexp |iga(t,0) - J = —

We can, therefore, find the correlation function.

6 Interactions

No, we shall study interacting fields. This can be done by adding higher powers of the field in
the Hamiltonian. Before we attack it, we ought to deal with interaction pictures.
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6.1 Interaction Picture

By Heisenberg equation,

dA PR
= [A, M].
i = 1A,
For states, we have Schrodinger equations,
i0: 1)) = N [9).

One can directly check that,
0 (W Alg)) = (¥ [A, M + N1|¢) .

The so called picture is precisely characterized by the choices we make for M and N. For N = H
and M = 0, we get Schrodinger picture. For M =H and N = 0, we get Heisenberg picture. We
can write the relation,

A0 _ o0, ] — [ (e,0) = PGs(a)e ]

To deal with interactions, we shall consider their role in the theory via perturbations. First, we get
the interacted picture by evolving ¢g by the free hamiltonian,

QbI(z,t) — 6iﬁ0t$s(x)€7iﬁ0t ,

(iH (CC, t) _ eiﬁte—iﬁotqgl (:L‘)eiﬁot(m)e_iﬁt.
If Ut tg) = eiHoAtg—iHAL o oot

iU(t, to) = eiﬁoAtﬁinte_iﬁoAtU(t7 if())7

iU (L, to) = Hint U, to) |

To find the solution, we get that, upon integration,

/th1 /t dTn H[ ’7'1) H[(Tn)— /dtl dt T{H[(tl) ﬁ[(tn)}

Ult,to) = exp{ - zT(/f: dTHI(T)>} :

After this, we can prove the main result of this subsection.

Thus, we get the solution,

Theorem. (Feynman) If one has a Hamiltonian with interaction, H = Hy+ H;pny, where |Q) is the
ground state for H and |0) is the one for Hy, the two-point correlation function for the fields is,

(ot esn{ i armn) | ) o
BT = iy, —— el om0 |
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Proof. By the spectral theorem,

e = TP Q) (] + Y e ) (n]
n>0
We thus get,
ciFot

0= )

where (2] |0) # 0 by perturbation assumption. By making ¢ — oo(1 — i¢), we get a constant in the
time part wlog, also, since Hy [0) = 0, we can multiply it exponentiated in front of |0), and get,

e—iﬁt |0> ;

iEg(t+t N N
|Q>: etolttto) —iH (t+to) giHo(t+to) ‘0>

— €

lim
t—oo(l—ie) <Q‘ |0>
This leads us to,
Q 1 eiE()(ttho) R
= i —————U(to, —1) |0) .
| > t%oc}?llfie) <Q‘ |O> ( 0 )‘ >

With this,
(Q ¢(x)p(y) |) = (Q U (o, to)¢r(x)UT (20, t0)U (yo, to)d1(y)U' (o, to) [2) ,

(Ql 6(2)d(y) |2) = (U (o, to)dr()UT (0, 40)81(y)U (30, t0) |2) -

After substitutions, we get (making explicit use of the limit),

(Q $(2)(y) |9) = limy_yse(1—ie) (0| U(t, 20)61(x) U (w0, y0) o1 (1)U (yo, —t) |0) (H(]QOHQ)

One can check that,

eQiEot

(|<0|IQ>I2) = (O[T, 20)U (to, 1) 0)) "

Note that the role of the imaginary part in the limit is to make the exponential of energy not vanish.
Upon time ordering and making due substitutions, we finally arrive at the aimed result,

S e

O

This expression is exact and has a Mutatis-Mutandis generalization for when we are dealing
with more fields. The approximations will come when we deal with series over the integrals. As we
shall see, this will give origin to the famous Feynman Diagrams.
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6.2 Wick Theorem And Feynman Diagrams

As we know, in QFT and many areas in modern mathematical sciences, we deal with operators
that do not commute. There are several ways to specify their orders.

Definition. (Time Ordering) T : L(H) — L(#), such that

for t;, > .. >t

tn*

We already know this one. But, for a bosonic field, we can decompose ¢(z) = ¢+ (z) + ¢~ (z),
where,

3
¢+(z) = / (;iﬂl))?) ap@*iﬁf — ¢+(x> |0y =0,

o @)= [ TD a7 = (0167(@) =0
(2m)3 P :
Definition. (Normal Ordering) N : L(H) — L(H), such that

N(brodn) =D 100",
where each a is either a plus or minus and every plus is on the right of a minus.

Example.

N(d12) = ¢1 b3 + 6103 + b3 & + by 65
Definition. (Contraction of fields) A : L(H) — L(H), such that
A(¢1.-0n) = T($(t1)...0(tn)) = N(T{d(t1)...0(tn)})-
where each a; is either a plus or minus and every plus is on the right of a minus.
For two fields, we find,
A(o(x), 6(y)) = (2" =yt (@), 6~ ()] +0(y° — 2)[o" (v), ¢ (2)].

We see that (0] A(¢p(x), ¢(y)) |0) = Dp(x —1y), the Feynman propagator we found in section 2. This
allows us to get correlation functions. We define the contraction of two fields using the notation

1

P(@)o(y) = Ald(x), o(y)) |

Now, we shall go to one of the main results of this section.

Theorem. (Wick)

T{G1bn} = N{G1on + 3 61y Gin+ S 1y G Gt + ()}
%]

,5,k,1
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Proof. We shall prove it by induction. Note that the statement is trivially valid for n = 1. Suppose
it is valid for n — 1,

| | 1
T{¢2.-fn} = N{Gooon + D _ 20ty pjctbn + D G200y bpnbionn + ()}

ij i,k
Assuming wlog that ¢1, ..., ¢, is already time ordered, we get,

T{p1¢2...0n} = ¢1T{$2...0n },
and, by writing ¢; = ¢7 + qbf, we get,

¢ N(...) = N(¢y ...).
For the other part,
¢ N(.) = [6], N+ N(.)é7

since [¢], ¢j‘] = 0 due to the commutation relation of annihilators, we find,

N(.)6F = N(oF...),

[oF,N(.)] = N(Ei:(bg...wf,qbi]...) = N(Zﬂ)

This last equality shows all contractions with ¢; are included. Thus, we get,

T{hr6n} = N{$1bn+ 3 61tpotyoont 3 O1yonbgprbron b + ()} |

4,3 .9,k

By induction, the result is proven.
O

Note that, if we have an odd number of fields, there is always one field in the summation terms
that remains non-contracted, which implies that

0| T{¢1...0n}|0) = 0.
But, if we are dealing with an even number of fields, we may get a non-zero result, showing particles
creation by the vacuum. Take the case for n = 4. We find,

—/ [ —— 1 —fF——
(O] T{p1...04} |0) = (0| (¢ P20304 + D1 PoP3Ps + D1 PoP304) |0) .

This implies,
<O| T{¢1¢4} |0> = DF(:L'l 71’2)DF(563 7564) +DF(£C1 7$3)DF(I2 71‘4) +DF(1’1 7I4)DF(IE2 71‘3).

We can write this expression in terms of Diagrams, with each x denoting a dot. For instance,

5 1 2
(0| T{p102¢304} |0) = + +

$ 2

Those are the so called Feynman ‘s Diagrams for free fields. They are a pictorial way to
represent correlation functions, and turn out to be a crucial quantity when dealing with QFT.
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6.3 Diagrams for ¢* theory

Now, we get to a very interesting place. If we are dealing with an interaction hamiltonian such
4
as: Hips = fd3x7)‘¢4!(x).
Feynman Theorem says that the partition function for two fields interaction has as a numerator,

O01T{g(x)¢(y) exp{—i [ dt Hmt}\0>:¢(m)¢(y)*ié(¢(w)¢(y) d*2¢(2)9(2)p(2)$(2)) + (..)-

1 1 1 ﬁ
76w [

Keeping to the first order in A (and that is the first approximmation we are doing!), we find,
. A
(0] T{d(2)b(y) exp{—i / dt Hini} 10) = Dr(a—y)—i%y {BDF(x—y) / d 2D (2~ ") Dp (") 4

+12/d4zDF(x —2")Dp(y — 2")Dp (2" — z'”’)].

The diagrams for the above expression are as follows,

z

O] T{p102¢304} |0) = 2 y+ g%—% + xg 21/ .

The lines in these diagrams are the propagators, the vertices (dotted points) denote the inter-
actions of non fixed fields (the ones that appear in H;,;). The diagrams turn out to explicitly give
the expression for the correlation function, so we are normally more interested in those. The moral
of this story is essentially that,

0] T{p1¢2....0,} |0) = (Sum of diagrams with n external points).

Notice that this is just the numerator. For the denominator of the expression in Feynman
Theorem, we essentially take the disconnected diagrams (where x and y disappear), and, considering
that for every disconnected diagram V;, there are n; copies, we can interchange them, and we get,

o[ 2] - 5]

7. H

This cancels the expression in the numerator, so we are left with (note that the arguments given
here are extremely heuristical),

QT{p1d2....00} ) = (S’um of connected diagrams with n external points) .

There is also the notion of symmetry factor, which is the number of ways one could rearrange
the propagators in a diagram without changing the interaction it represents. This is denoted by

n!

N(appearing in the correlation function)
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This turns out to be the denominator of the expression represented by the diagram in the correlation
function. For example,

S(Dp(z—y)) =1;

S(DF(CU _ y)/d4ZDF(Z/ o Z//)DF(Z/// . Z////)> _ 8;

S(/d4ZDF(CL'—Z/>Dp(y—Z”)DF(Z/”—ZW/)) -9

So, we are left with Feynman Rules.

6.4 Feynman Rules for bosonic fields

I) Each propagator is a line linking its extreme points
Dp(r—y)= ¢ 9

IT) For each vertex (the result is analogous for a higher number of fields),
(—i\) / d*z = >.<
z

1= e

IIT) For each external point,

IV) Divide by symmetry factor (calculable from the diagrams).

With this, and considering the Fourier transform for the momentum space,

d'p  ie®(@-y)
DF(JJ - y) = / (2ﬂ)4 p2 —m?2 4 e

We are also able to write Feynman Rules for Momentum-Space:

I) Each propagator is a line linking its extreme points

S
p% —m? +ie p

IT) For each vertex (z), there is conservation of momentum,

/d"z ePZ ePnF = (21)"0" (py + ... + P

II1) For each external point, the corresponding expression is e~ %,

IV) Divide by symmetry factor (calculable from the diagrams).
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Example. (Example in position space and momentum space).
Consider the 4-point correlator in the free (Gaussian) theory. By Wick’s theorem,

Ga(w1, w2, w3, 24) = (0[T{d(21)d(22)d(23)P(24)}0) = Dp (21 — 22) Dp(z3 — 24) + ..., (1)
where Dp is the Feynman propagator. For simplicity sake, we shall only consider this first term.

Diagrams (position space). We already know that the diagram for this first term is,

r] — T2
Dp(x1 —22)Dp(x3 —24) =

T3 — 24

Momentum space. Defining the Fourier transform (with a convention compatible with the one
used above),

- , 4 i et (z—y)
o) = [dse o), Dele-y) = [ (‘“’ 2)

2m)4 p2 — m2 + i€’

We can thus rewrite the expression in momentum space by making a choice on momentum orien-
tation as follows,

7

Ga(p1,p2,p3,pa) = 2m)* W (p1 + p2) (27)26™ (p3 + pa) o (3)

2 —m?2 +ie p2 —m? +ie |

Diagrams (momentum space). The corresponding diagram is,

Example. Now, let s see what happens for the case of a vertex. Take the following diagram,
T I3

N
"N

T2 T4

Ga(x1, 22, 23,24) = /d4zDF(x1 —2)Dp(xe — 2)Dp(x3 — 2)Dp(x4 — 2).
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d4p1 d4p4 eipl-(zl—z) e—ip4‘($4—z)
G ) sy L3y = d4 / e / e .
4@, w2, 75, 24) / “] @n)t (2m)*p? —m2 +ie  pj—m?+ie

d4p1 d4p4 =~ . e - T
- / (2m)t / )1 Ga(P1:P2,Pa pa) i€ 01 i,

Ga(p1,p2:p3.p1) = Dp(p1) -~ Dp(pa) (21)" 6 (py + p2 — p3 — pa) |

Where .DF(p) = m
do a Fourier transform.

We thus see that, in order to find the diagram for momentum space, we

6.5 Calculating diagrams via partition function

As we know, if we are dealing with scalar fields, we may get the partition function by,

7 = /D(b e~ SEld]

To find the n-point correlation function,

oz
im0 J (x1)...d (Tn) |y

Gn(ﬂfl, ,xn) =

21 = / D e~ (5161-J dtTo(0)

Having perturbations, S[¢] = So[¢] + Sr[¢], we find that, by applying the definition of mean
value,

21] :/D¢ e~ SOl IO -5116] _ (0] | =119 [g) .

The above expression is usually called Dyson formula after british physicist Freeman Dyson
[1923-2020]. If we are to write the interacting term as an integral, S7[¢] = [ d*zV (¢()), considering
that V' (¢) can be written as a sum of powers of fields, by using the identity,

oo, = (i) (5tm) [P0 = () ~(stey) 20

we get,

(0], e~ T 2=V @@ o) = = T4V (sd) 7 19] |

Where the exponential on the right side is now playing the role of an operator. Now, we write
Feynman prescription and its inverse,

4
A(x,y) _ / (d p 1 G*iP(I*y)’

2m)4 p2 — m? + ie

AT =02 —m?
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We can write the Klein-Gordon action as Sy = %1 [ d*z {qu_l(b} (remember that we are dealing

in Euclidean space, and we changed the convention used in the first section by adopting this % term).
By the following identity,

(p— JA)ATH P — AT) = oA o — 2T+ JAJ,
we get,
-1 1
Zo[J] = /DqS exp [/d4x (2(¢— JA)AT (o — AT) + ZJAJH.
We can make the variable change from ¢ to ¢ = ¢ — JA. With this, we have,

ZO[J] = e%JAJ/D(bexp |:/d4x _21(¢/)A_1(¢'):| — e%JAJ <O|0 |0>0 _ e%JAJ.

Going back to the expression previously boxed, we get,

20J) = e eV (5tm) 387 |

This is our gold nugget. With the above expression, we can calculate the correlation function
until a certain order of perturbation based on the series of the potential V. Wick theorem is now
trivially seen when taking derivatives of J term. Morever, when we are dealing with an odd number
of derivatives, there will always be a J term left, which will make the correlation function be zero.

Example. Let V(¢) = %qﬁg’.
We expand the generating functional to first order in A,

3
2101 = 20~ [ atyv (575 2l + 000 =zl - g [ty (55) Zala+ 002)

Since we are interested solely in the first perturbed term, we calculate the 1-generating function,

0z
Ve =550

The corresponding Feynman diagram is,

s

Note that that, since there is a closed loop, we have a symmetry factor of 2.

= f%/d‘lx Az, 2)A(z, ).

J=0

Example. For V(¢) = %{1,
Z[J] = e~ T 422 () exp BJ A J} .

Up to 2™ order in A,
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B 1 4 A §\* PPNy
Z[J] = exp [QJ'A'J} _/d T (5J> ‘
)\2 4 d ! 4 0 ! 1
o v —_J-A- .
2(4!)2/“(&](@) /dy(w(y)> P {2‘] J}
1 6 i\ .
@) — — Ay [ a5 ) e
G (@1, 22) = Az, 22) A4!/6“55(115(]2 (5J) ‘

A2 4., 74 82 g ! g ! 1IN
+2(4!)2/ Y sy 5T, (M(:c)) <6J<y>) e

Calculating the derivatives for the term A,

+

52 S\ 1 A 52 1
D) edlad A A J)?+3(A 2 (A ) SJAA-
5757 (6J> e 57157 [6 (x,2)(A- )"+ 3(A(x,2)* + (A - J) ]exp [2‘] J}

A [12A(z, ) Az, 21)(A - J) + 12(A - > Az, z1) + ... ] =
= NiA(z, 2)A(z1, ) A2, 22)

(Surviving connected term for J =0)

82 g ! g 46%J-A~J _

= NoA% (2, y) A1, 2) A2, )+ NsA? (2, y) Az, 2) Ay, y) + NaA(z, y) Alw, 2) Ay, y) A, 21) A2, y)

By drawing the diagram for each case,

Likewise, for A2 terms,

1. Order A: Az, x)A(x1, ) Az, x2)

x.l—Q—”? = S(G) =2

T
2. Order A\? (Case 1 - Nut): A3(z,y)A(x1,2)A(x2,y)

7 ey T2 = S(@)=31=6
v

3. Order A% (Case 2 - Snowman/Cactus): A?(x,y)A(z1,y)A(z2,y) Az, x)

40



4. Order A\? (Case 3 - Camel) A(z,y)A(z, 7)A(y, y) Az, 21)A(x2,y)

x Y
We have,
A A2
(2) - Z -
Go@ne) =y o T3 T % 1 —@7 T2 !
T g 2 T2 T Y
T
A2 A2
+ a1 + e
X1 M T2
1 T2 € Yy

Note that this is a way easier way to express generating functions. Moreover, we don 't even have
to keep track of the multiplicities of each expression appearing. We just need to calculate the terms
of each propagator multiplying to each other, and we may calculate the multiplicities by looking at
the symmetry factor. That s a wonderful tool.

The corresponding expression for momentum space is,

G (p1—p2) = (27)*Dp(p1) Dp(p2)s™® (pl—pz)-i-% /d4p/ 2m) Dp(p) 8D (91— )6 (p' —p2) D (p1) D (p2)+

1"

+

)\2

K
)\2
L[
)\2

E

f d4p/d4p//d4p/// DF(;D/)D{QS;FD)';)DF(P ) 5(4) (pw —p = — p///)6(4) (py +p 4! +p" — pa)DF (p1)DF(p2)} +
d4p/d4p//d4p///DF(p/)DF(p//)DF(p///)6(4) (pl _ p/)5(4) (p/ _ p// _ p///)6(4) (p2 _ p// _ p"')DF(m)DF(pz)} 4

J
+ f d4p/d4p”d4p”/(2ﬂ)4DF (pI)DF (p//)DF(p///)(;(AL) (p1 _ p/)5(4) (p/ _ p//)5(4) (p// _ p///)5(4) (p/// _ p2>
Dr(p1)Dr(p2)].
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6.6 S-Matrix and Optical Theorem

Let s now find ways to calculate other quantities related to interactions. If one has an initial

state |¢1...);, and a final one |¢}...)_,,, we can compute them in later times,

/ : / —2iHt
(Sl 1611 = Jm (G| 25 ).
More generally, we can describe this intermediate operator as the S-Matrix, i.e,

Definition. Given a set of outgoing and incoming particles, the S-Matrix is an unitary operator
such that,

(Dot 911 = (B S 161202
We separate the identity to the interaction part,

S=1+414T.

Thus, for conservation of momentum, we note that we ought to write,

(pr...|iT |p)...) = (2m)*6@ (Zp; - Zm)iM(m — i) |

Where M is the so called invariant matriz element.

Example. For the ¢* interaction, consider the tree-level 2 — 2 process:

\

(p1;p2 | T | p3;pa) = (%) (N (=) 6@ (p1 +p2 — p3 — pa) -

So,

(p1;pa [T | ps;pa) = i)' (i)' 6 (Zp - Zp’) :

M = —iX|

and therefore

The unitarity of S allow us to write a very beautiful result,

Theorem. (Generalized Optical theorem,)

M(i— f) - f—>z-zZ/dH (2m)* (sz an> (i = n)M*(f = n)

Where dI1,, is the measure for the basis completion, i.e, 3", [ dIl, |n) (n| = 1.
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Proof. We write the S matrix as R
S=1+:T.
Since S is unitary, R X R R
StS=1=1—iTH(1+4T) =1,
which implies
i(T—TH+T'T=0.

Therefore,
T -1 =TT

Taking matrix elements between (f| and |#), and using the completeness relation for the intermediate
states, we get

(FI(T =TV) iy =i (f| T'T |3) =iZ/de (fI TV |m) (m| T i) .
Now, by definition,
(1T i) (Zp, pr) (i f),
so the left-hand side becomes
(27T)454<Zpi - pr) (M(i = f) = M*(f = ).
i f
For the right-hand side, we have

zZ/dH (2m)" (pr_zpm) “(f = m)(2m) (zpl me) (i = m).

Using the delta functions to factor out the total conservation law, this is

454(;@—;@ [ en) 64(sz 5 b ) MG A (> m)

m

Finally, cancelling the common factor (2m)*6* (>, p; — > Y2 7) gives

M(i = f) — f—>z—zZ/dH (274 (Zpl me) (i > m)M(f = m) |

O

Note that we could have done with St = 1, which would imply as corollary that M —
m)M*(f — m) = M*(m — i)M(m — f).

As a particular case of the above theorem, if the final and initial states are the same, we get,

2Im(M(A — A)) =ma Y T(A—n) =malor.

Where I'(A — n) = ﬁ [ dIL, (2m)*6* (pA > pn> |M(A — n)|? is the decay rate of a particle

from state A to n. This special case is called Optical Theorem.
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7 Quantization of fermionic fields

Now, we shall be seeing a way better way to deal with fermionic operators than what was seen
in section 3. Since fermionic operators anticommutate, we must deal with these quantities.

7.1 Grassmann numbers

The Grassmann numbers (after Hermann Grassmann [1809-1877]), are variables that anticom-
mute. One could make the case for a definition,

Definition. (A4,.,+) is an algebra such that, V0,7 € A,
{0.n} = 6n+nb =0,
which, of course, implies 62 = 0.

The elements of such algebra are what we shall call Grassmann numbers. We can also introduce
the derivative operators, {%} such that |

0
o 0
{aexaej}“'

f({0i}) = ao + a101 + a20105 + ...,

For a general field,

Lo,
we must specify if the derivative is acting by the right or by the left, cause, (%}f"}) = a1+asfs+...)

and (% = a1 — azbs + ...). We shall explicitate only right derivatives. We also define the

Berenzian lintegral (Felix Berezin[1931-1980]) by,

/d&l...den f{o:}) = a%"'% () .

1,--,0n=0

This definition leads us to,
/ d,dfy e~ P2 =,

Which, for a diagonalizable matrix, this implies,
/ d0;d97 e=%4%" = det(A).
This expression is important for us.

As we saw in section 3, fermionic fields anticommute, so they can be written as a sum of
Grassmann numbers in a basis of usual functions,

Gla) =D bidi(x).

So, we have

/ DD e A% = det(A).
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7.2 Fermionic harmonical oscillator

We now deal with the hamiltonian,
1
H=w(bb' — =
w( 2 )’

with {b, be} = 1. Similarly to what we did in the bosonic case, we define the Fock space,

T

8) = ¢" B10) = b[B) = B18),
and a completeness relation, [ d3*dB3|8) (8|e #"# = 1. For the forced case, we get,
H(',b,t) = wbb — bTn(t) — n(t)b,

thus finding the amplitude,

F(B',t,B8,t)= (B, t||8,t) = /DﬂDBeXp (@/t dr [—iB(T)ﬁ(T) — H(b',b,7)] +B(t)6(t)).

And the equations of motion,

B+i(wB—17)=0.
This leads to the solutions,

ﬁ(’l’) _ 5(t)6iw(t7T) +i/T s eiw(sf‘l')n(s)

t

and the respective conjugate. Notice that, once again, we have the classical solution plus a perturbed
term.

7.3 Partition function

We now introduce the Green’s function for Dirac fields,
dlp _AP+m) ey
SF(x’y)_/(27T)4p2—m2—|—Z'ee 5

note that, if Sp(z,y)~" = —i(p — m), we get Sp(z,y)Sp(z,y)~! = 63 (x — y) (taken at equal
times). Then by the same kind of procedure we did in the bosonic case, we get,

Zln. 7] = 2[0,0] exp [— [ dtadty @)

So, if we have a perturbative action, S7, we can do the same kind of procedure we did for the
bosonic case. For instance, if we consider a fermion interaction with a scalar bosonic field, we have,

_ _90 9 9 _
Zn,7,J] =e Sil 877’877’6J]ZF[77’77]Z¢[J} i

The minus sign in the 8% term is due to the fact that the alteration in the action by adding 7 term

is mp + 1hm, so we se that we have to change the sign due to the order of the product. Next, we
prove the result due to Sidney Coleman [1937-2007].
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Lemma. (Coleman)

()=o)

Proof. We assume the functions are integratable by parts and we write them in Fourier modes,
F(z) = e, G(x) = . Thus,

y=0

0 a™ O 4. a"B" s W8 B
F(%)G(aﬁ):z e’ 22765 = ePefe,

- nl dz" - n!
0 T _ ﬂn a" ay T _ (B+y)(atx)
g [Forer| = 2 S v ] = eommie
n
Putting y = 0, we find that ,
0 0 [
F(—)G(x) = G(= Fye“"y}
(506 = Gl [Fwe||
O
This allows us to write, from the boxed expression,
2.0 J) = SIS 2l i) 2,00) = el g V) (eSO}
O oy 09 Y=p=g=0

This is the fermionic version of our previous ”gold nugget”. When calculating correlation func-
tions, we will use the convention Gé\} b)) where N denotes the degree of perturbation, f and b how
many fermions and bosons we are considering.

6 0 700, 7] = 09 (e_ 55 5¢ %J"Z"Mw) ’ =Sr(z,y) = ¥

an () o7(y) on 61 Y==0 v

Notice that the arrow pointing from x to y becomes important, since the order here matters!!!

Ex) Gy (2,y) =

7.4 Yukawa theory

Let s now consider a simple model for interaction of scalar fields with fermions (Yukawa inter-
action, due to japanese physicist Hideki Yukawa [1907-1981]). We take the lagrangean,

£ = gbue]

Let “s now apply it,

Gg,)l)(%y»z) = 5 Z(l)[n>ﬁ7 J]

n(x) 01(y) 6J(2)

J J 0 0 g ON(og O b dntip+J¢
= N @ 1) 37(2) (w Sr w) (w Sr fsw) (g A e




This leads to ,
Gl 2:0:2) = ~Ng [ d*wA(z = w)Se(e ~ w)Se(w —y).

We have the diagram,
T Y

o

Which leads to the symmetry factor 1, so,

Ggé?l)(x, y,z) = fg/d4wA(z —w)Sp(x —w)Sp(w —y).

This is the simplest non-trivial diagram for fermion interacting with boson. In fact, we can

name the diagram after the constant g,
\\/ .,

|
|
!
z
This fact, as well the the one dealed at the end of last subsection, describes two more
Feynman rules.

7.5 Extra Feynman rules for fermion and boson propagator
From the previous discussion, we summarize the basic rules as follows:

1) Scalar (boson) propagator in momentum space:

01 T{o()o(y)} [0) — PR

1

2) Fermion propagator in momentum space:

i(p+m)

p2 —m? +ie’

(O T{¥(x)d(y)}0) —
(Sign matters.)

3) Yukawa vertex factor:



(In Euclidean space, sign conventions may differ.)

4) Coordinate-space expressions:

dp i(p+ m)eP (#=v) B

SF(may):/(2Tr)4 p2—m2+i6 - x Yo

dtp  ieP (@)
A(x’y)/(27r)4p2—m2+i6 x Y-

8 Some extra Feynman Diagrams

We “ve seen some quite important Feynman diagrams. In order to apply Feynman rules for
fermionic and bosonic fields, we shall show some examples.

a) Fermion interacting with a buble through a boson:

Gy (@, 2) = —¢? / dwn d*wy Sp(wy — 2)Sk (2 — w1)Alwy, wa) S (ws — ws).

b) Boson with a fermion loop:

Gﬁﬁ?z) (r,y) = 92 /d4w1 d4w2 Az, w1)Sk(we — wy)Sr(wy — wa) A(wz, y).

¢) Fermion self interacting through a boson:

Gg?())(% y) = —92 / d4w1 d4w2 Sp(w1 — 2)A(wi, w2)Sp(we — w1)SF(y — wa).
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d) Four-fermion exchange via a boson:

GEZ?O) (z1, 72,23, 74) = 92/d4w1 d*ws Sp(wy — 21)Sp (22 — w1)
X A(wl,MQ)SF(U)Q — QSg)SF(ZL’4 — U)Q).

e) Two-fermion, two-bosons diagram:

T )

T3 Ty

Gy (@1, 22,73, 34) = ¢ / d'wy d'wz Sp(wy — 1) A(wy, z2)
X Sp(we — w1)A(ws, x4)Sp(x3 — wa).

f) Six-point diagram with three internal propagators (In momentum space):

2 4 4 6
Go(p1s- ... ps) = ;\,/w lH DF(Z%‘)} Dp(k1)Dp(kz)

X Dp(p1 + p2 +p3 — k1 — k2)6™ (py + p2 + p3 — pa — ps — pe).
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9 QED - Quantum Electrodynamics

In this section, we finally arrive at what is until now the most precise quantitative scientific the-
ory ever created, QED, labeled by Richard Feynman as the ”Jewel of Physics” due to its incredible
sucess into describing nature. Before attacking it, we shall talk a bit about one of its preliminaries,
Gauge theory.

9.1 Gauge Theory and Yang-Mills

As we know, in Electrodynamics, B=VxAand E = —qu — %. We can make the following
change in the parameters, 64 = VA and 0p = f%—/t\ and the equations for B and E remain exactly
the same, and this symmetry is local, i.e, the factor of change of the fields is dependent on the
position. That is the simplest non trivial example of a gauge symmetry.

In the Klein-Gordon case, we noticed that the theory had a global U(1) symmetry. Suppose we

take a local U(1) transformation, ¢'(z) = ¢*?(*)¢(z). The lagrangean changes by,

0L = i(0upd(09) + 0" $(0upd)") — Bupd(Dupe).
As we see, it is not invariant. However, we can make it by altering the derivative 9, — D, =
Oy — iA,. Then, we see that the lagrangean is invariant if (D,¢) ((Du¢))’ = (Du¢)((Du9))'.
This is the case for | (Dy$) = €'?Dy¢ ‘ In other words, we are adding an extra field (which is

called Yang-Mills field) to the derivative such that, under this new operator, the change in the field
becomes local (or the operator changes covariantly).
Thus,

D;(e“"(z)d)(x)) = i@u(pei“"(m)gb(z) + ew(“")augb(z) - iA;ew(I)qS(x) = i@ (Ouo(x) — 1Ay d(x)).

We can see that this implies,
A, = Ay + 0up(),

which is the same gauge transformation for the case of electromagnetism. By the same kind of proce-
dure, if we were to make a local SU(N) transformation in a field, ¢'(z) = w(z)¢p(x), then, by making

use of the same covariant derivative, D,, = 0, —iA,, and forcing the condition’ (Dy¢p) = w(x)Dyd ‘,

we get,

Al = w(z)Azw ™ (2) — id,w(z)w ™ (z).

The extension of gauge invariance to include non-Abelian group symmetry is what
is called Yang-Mills theory, developed in the 1950 s by chinese Yang-Chen Ning [1922-2025]
and american Robert Mills [1927-1999).

9.2 The Jewel of Physics- Lagrangean of QED

Essentially, QED is a theory on interaction between photons and fermions locally invariant
under U(1) (thus, it is an Abelian Yang-Mills theory). Without external sources, the lagrangean of
electromagnetism is,

-1
[/EM(A) = TFquuva
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and it is invaraint by local change in U(1) as we showed. Now, let s take Dirac lagrangean,

Lp =¢(iv" 0y — m).

Again, to make it locally U(1) invariant, we change 9, to D,, = 9,,—iA,,, and by the same procedure
as before, we get

Al = Ay + Oup(z).

Thus, we can construct a theory of photons and fermions locally invariant under U(1)
by adding the lagrangeans, and that s QED theory defined on a Mikowski space.

7 -1 2 T (AU i
‘CQED(’(/}71/}7A’U,) = TFquuU +1/1(7/7 au - m)w - J Au .

Where J* = itpy*1). The equations of motion are,

M—@(“) =0 = [8,F" = —igy'y|

04, 9(0,4,)
oL oL ,
5~ (Gia) ~0 = [P0 —mo = A ]

Where the last Euler-lagrange equation (in relation to v) yields the same result as the second
one. We see that we now have an equation relating the divergence of electromagnetic tensor to an
expression of gamma matrices with fermionic fields and also an equation describing the generalized
version od Dirac equation. These results, when confronted against experiments to measure certain
quantities relating interactions of electrons and light, have been responsible for an accuracy of order
10716, an extremely successful result in describing nature.

9.3 Quantizing QED and Faddev-Popov method
Now, we shall step further and quantize QED. Consider the partition function of field A alone,

Z = /DA(w)e_SEM[A].
We may write the action as,
Sem = %/d‘lx (0y A, 0" A" — 0, A, 0% AY) = %/d4x[Av(82g“” —0%9")]A,.
We thus note that the propagator has to obey,

(6291“) — 0u0,) D" (2,y) = i5u1)54 (x,9).

Writing in momentum sape,

(K2 Guy — kuky) D = i6,,.

Note that the operator on the left side is singular. The way to get around this problem is to
just consider physical degress of freedom, i.e, disconsider fields that differ by d,p. We do this by
adopting a measure of integration called Fadeev-Popov measure, after russian physicists Ludwig
Fadeev [1934-2017] and Victor Popov [1937-1994].
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Definition. By adopting the notation A = A, + 0,«,we define the Fadeev-Popov measure,

A = / Do 5(G(A%))

where G(A) = 9,,A" and the ¢ denotes a Dirac delta.

Note that AZ'(A2) = [ Da §(G(A2T")), and, by changing coordinates to o’/ = a + o, we
get,

A = / Da” §(G(A")) = AZH(Ay).

So, this measure is invariant under gauge transformations for the vector A.
Thus, we can put this in the partition function,

Z = / DA Ag(A)AGH (A)eSmmlAl = / DA Ag(A) / Da §(G(AS))eSemlAl

The second integral can be rewriten by changing again the measure, Da = DG det(g—g), SO we

get,
Yo"
AGH(A%) = det <)
G 0G ) aro
So,
Ag(AY) = det <6G)
oa ) oo
Thus,

5(G(AY))e SpmlA%],
G=0

7 = /DADadet <5G)
da

Since, as we have shown, this is invariant under Gauge transformations, we find that 6(G(A4)) =
0(0y A" 4+ 0,0" ). By denoting w(z) = 9,0"a(z), we may write,

:/Dwexp [/d4x(2§)1w2] /DADa(...).

This mean that the action can be shifted by [ d*z(2¢)~1(9,A%)?, thus, we may call,

Fuv

Seml[A /d4 2 (02g" — 9"0")] Ay — (&)1, A™)? /d4xA”D AY.
Where, now,we have,

(K*guo — (1= €V kuky) D = id}.

43 kYkv
DE' (k) = - (guv - (1- f)kg>'

k2 + ie

Note that this implies,
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This is the Feynman propagator. Since all we did here is unnafected by the value we choose for
the gauge &, we may, conveniently, choose Feynman gauge £ = 1 and take this 4 out by renaming
the inverse propagator. Thus, we find Feynman propagator in QED,

ww A 9"
DY = — :
F Z(W—l—ie)

Which represents the photon propagation. We represent this by the diagram,

ppw= k. —-i( )
(%

U ~AANANANANN k2+7:€

We can also write a diagram representing an interaction of a fermionic field with light. For that,
we use Yukawa theory,

i = [ & eby v (o)

If we write the matrix element for the diagram, (we are using the fermion conventions adopted on
section 3.7),
p

we find,

('iT|p) = (p'|T{—i / d*zey A, tlp) = —iet(p )y u(p) / dre” P A (x) = —ieu(p )y ulp)Au(p —p).

So, we conclude,

= —iey" Au(p' — p)

/

p

With that we can write the Feynman rules for QED.

9.4 Feynman Rules for QED

The interaction Hamiltonian is given by Yukawa theory:
Hp = / Pz ey A, (4)

(Note: i represents the fermion fields.)
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1. Vertex

= —ijey* A,

2. Photon Propagator

3. External Photon Lines

Incoming Photon:

Aulp) = p ~annoin— = u(p)

Outgoing Photon:

<p|A,u_—/\N\/\/\/\/\/p u:eu(p)

Example. This is one of the most famous diagrams in QFT. The Bhabba scattering (named after
Indian physicist Homi Jehangir Bhabba [1909-1966]) represents the scattering of electron-positron,

+ +

ete —ee .
P’ k
p k'
= iM = (—ie)? [0y u(p) ﬁ GO RN (5)

10 Effective action

As we “ve seen in section 6, we are interested in connected diagrams. We rename the action in
order

Z[J] = e WU,
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In order for W[J] to contain only connected diagrams, the correlation functions we get from it
are
0™ Z[J)
8J(x1) 0 (zm)

Gm(:vl, . ,.’L’m)

Diagrammatically,

GnL(xly-”aan) =| J

For the one-point function,

This can be represented as
Gi(z)= = —@ X .
For the two-point function,

SW oW W
Ga(z,y) = (5J(:17) §I(y) 5J(:E)5J(y))Z[J].

Thus, it is the sum of a connected part and a disconnected part:

Gty = 7 4 ::[ ) < () ¢ () }x 7]

And we are only interested in the connected part (on the right of the sum operation). To get
the classical field out of this formalism:

_ Q@) 1 62]J]
dalll = =0y = Z )

Therefore,

%mzﬂwzykdmm=w%j

This is the connected one-leg Green function (this is where the effectiveness of the action will
come from). At first, we will study how we can get the effective action of this G for a theory with
non zero potential.
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10.1 Effective action for one-leg Green function with potential

For fields under a potential V:

W[J]=—-InZ[J] = /d4xV ((;}) (;JAJ).

The field has an unperturbed contribution and quantum corrections. So, we can write the field
diagrammatically in terms of sum of irreducible diagrams:

¢c1(37)= :z:_|_ 334@—1— $—<I@<+

Mathematically, we have:

(AJ)() = / d'y Az — )T (y),

and irreducible legs insertion such as the first perturbed term,

/d4y Az —y)I (y).
So,

bae) = [ aty B —y) [J<y> 1) - [ a2+ ()

So, we define the functional generator by the expression in brakets:

~ 1 1
Llga] = Mo + STP0% + ZT06% + -

Which contains all the perturbations in the theory. Note:

. B 5mf[¢cl]
T (ml,...,aﬁm)— 5¢C1(I1)"'5¢01($m) ¢01:07 m#O
Using
1 _ 6f[¢cl}
) =5 a1’
we have
6T [¢e
ba(z) = /d4yA(fc—y) [J(w - M[i;ﬂ :
Note:
A_l¢c1 —J— 6?5;%1]

56



Therefore,

J(z)

__ 9 T 1 -1
- 6¢01($) F[d)cl] + §¢C1A chl .

Based on this, we define the effective action,

) _ OTenl¢al
Ll (x,y) = 5he1(x)00a(y) Lcl—o

So,
While:

]‘—‘m(ml, ey xm)
for m # 2.

So, in summary:

For m # 2,
I™(x1,...,&m)

For m = 2,

and

H2($1, 332)

Peala] = o] + 50ad™a.

J(ZZJ) = 5¢j(.’1¢) Legt [(rbcl]-

0°Letl el = (2, y) + A '3(z — y).

_ 0T [pa]
(M)cl(xl) ce 6¢)c1(37m) 6

_ 5mFeﬁ"[¢cl]
o Spei(z1) - 0pa(m) $e1=0 ’

=~ 1
Feffective [¢cl] = F[¢cl] + §¢CIA71¢C1 .

~ 1 1
Ll¢a] =T o + §H2¢gl + §P3¢§1 +ee

_ 0T [pa]
6¢cl(-771) ce 6¢cl($m) ¢

_ 6mreﬁ"[¢cl]
o, 9%a(@) - 0ga(@m) |y, =0

cl=

o o) PTatldal
(21, 22) = 56a(@1)00a(w2) |4, o
P | e st
" 5¢a(w1)0¢a(x2) " =T%(z1,22) — A7(zy — ).
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Example. Suppose we are dealing with a ¢> theory. The effective action is,

1 _ A
Feﬂ[¢cl] = §¢Cl,iAij1¢cl,j + Z g(b?
Therefore,

5Feff _ 71
Spas@) @)

which implies
-1 A
Jz(-%') = Aij chl,j —|— Z 5@251
Thus,
A 2
Ger(x) = DgjJi(x) =Y 58497

In diagrams terms,

x‘@:x )o(_

N[>~

X X s
. +3 | 2 3t +oo
X
X ¥ X

This denotes a tree diagram (in which perturbations of ¢ are described in terms of the field itself).

10.2 For two legs connected diagrams

As we said before, we are interested only in the connected parts, so,

6 _ 5da(y)

@) = 5157w Y T S
Since:
bata) = [y =) |90) - T - [ @200 + ().
we have
Gy(z,y)] ;=g = Ay —x) — /d421 d*zo Ay — 21)[1% (21, 22) G5 (22, @) .
J=0
Since

G(x,y) = / 022 3(y — 22)C5 (22, ),
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then

/d422 [6(y —29) + /d4zl Ay — 20)12(21, 20) | GS(22,2) = Ay — ) |

We may rewrite the equation above as:

(1+A-II*) G§ = A,

Gs=(1+A-12)7"A
Expanding:

GS(2,y) = Alz —y) — Az — 2) -T2 (2,w) A(w — y) + Az — 2)TT2 (2, w) AT (w — k) A(k —y) — (- ).

Thus, we can write:

And we can do the same procedure for higher order connected Green functions, with (much)
more complicated algebra.

11 CPT symmetry and Dirac bilinears

We are now interested in finding expressions constructed from Dirac spinors and study how they
tranform under Lorentz transformations. Take the expressions,

j =9l

As we already know, for I' = 1, the expression is Lorentz invariant (scalar). For T' = v*, we
find,
JU =y = WTMINY MY = (0T MTYO M) (M M) = Ay (9y°9) = Ay
So it is a covariant expression (vector). We essentialy wish to find expressions of the sort. To do
so, we may define a basis for these matrices, {I'*}, such that it obbeys a similar relation as Dirac
matrices, namely,

TT<Pan) = Jab,

for a metric g,p, where we may get indices up or down. Note that, if M = M“T",, for M* coefficients,
we have,

MaFan = MTIy = Tr(MFb) = M“Tr(Fan) = Mb,

\ M, = Tr(MT}) \
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and therefore,

M = Tr(MT,)T? |

In components, this gives

M;; = M™(Ty)1e(T%) 5,

565 = (Tp)"* ()5 |

11.1 Fierz Identities

Now we show relation between elements of {I',} known as Fierz identities (named after swiss
physicist Markus Edward Fierz [1912-2006]).
Take

(V1 AY2) (P3Bipa) = i A (¥2)? (¥3)" Bre(¥a)".
By expanding A and B in the basis {T',}, we get

(01 Ao) (Y3 Bipy) = LA (T0)ij (¥2) (¥3)  BY(Ty) e (1ha)",
so that
AijBkl - Aa(ra)iij(Pb)kg.
We may rewrite the same expression by interchanging spinors:

(Y1 Mps) (P3Nepg) = (- ),

hence

M Nyj = ME(T) N4 Tq)p;.

Therefore,

(Ta)ij(To)ke = Cap““(Te)ie(Ta)kj-

Multiplying by (I'®)*(I'?)7* and summing over indices, we obtain (considering that Tr(I',I'?) =
442),

16Cap°? = ()i (T) e (0¢) (T 4)TE

1
Cop = o Tr(D T °T?) |

Thus, we get to our Fierz identity,

(01 Tat2) (¥3Tyihs) = Cap® (Y1 etbs) (V3T arba) |
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11.2 Finding the bilinears

We may now specify a basis that obeys the conditions at the beggining of this section, namely,

u uv [7“77’0] u
B=ALy" " = 5= 7°, 7%}

Note that the first term includes no Dirac matrices, the second includes the multiplication of 1, the
third of 2, the fourth of 3 and the last of all 4 (incubed inside 7s).
There are 16 elements in this basis, as one might count, and it obeys the relation,

[A;, Aj] = 45,5,

for A; € B and i going from 1 to 16. This leads to the classification of Dirac bilinears,

{0, 990, 99", By, 0y} |
In a similar way that we showed that the second one is a vector, we can show that the third one

is an antissymetric tensor, the fourth is a pseudo vector, and the last one is a pseudoscalar. Their
linear combination describes all Dirac bilinears in four dimensions.

Example. As an example, let us show how 1)y*vs1) transforms:

sy = MY s My = T (M M) (M MYM ™ s M,

and therefore

Vytysy’ = A by v,

VE =M s M = iM " (yoy17273) M = i(M o M) (M ™'y M)(M o M) (M~ ys M) =

= i7u Y p Ve NG ATASAS.
Hence,

Yy yst’ = Py (ivor17273) ¥ = Aoy (907 Yo vw ) AT AT AS Y,

which shows that it is a pseudovector.

11.3 CPT symmetries.

Now we wish to see how the fields work under other types of transformation, namely CPT
(charge, parity, time).

Definition. Parity change, P : (¢, %) — (¢, —Z).
Time reversal, T : (t, &) — (—t, T).
Charge conjugation, Ca]j’;C'_1 = by.
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If we remind the definition of Lorentz group sectors, We have the relation,

LL P Lt
T T
L P Lt

For the parity transformation, we take

PayP~' =n4a®,, PPl =nb° .
where 14,7, are, in principle, phases.
Writing the field expansion,

d3p 1 s,,8 —ipx s7,,8 ipT
00 = [ s g S W 4 5 )

We get (notice that the parity operator does not change the argument in the exponent, since
both x and p are flipped).

— dsp 1 sp—1,s —ipT s —-1,.s ipx
Py(z)P~? :/7 = Z(PapP Lus (p)e=P +PprP L% (p)etP®).
P s

(n)* \/2E,

Recalling section 3, we have

Thus,

—1 dgi) 1 s 0, s(x\,—ipT t181.0,.8(x\ ipT
Py(x)Pt = [ = D [naagy ut (Bl P = nfbsTy v (p)e?” |

(27‘()3 A /211);5

In order for the field to have a well-defined parity, we must have
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Therefore,

Py(z) P~ = 0y p(t, — 7).

Pi(a)P~Y = i (t, —F)°.
So,
b — (PYP™Y) (PYP™Y) = 0" nay"y = (V) (t, —7),

which shows thatiz/f)w is a scalar under parity.
For the bilinear ¢y°1,

Uy = PO(PTIP)Y P! = 4(t, —2)7°7°1 9 (t, —2) = —d(t, —a )y Y (t, ).

Which shows ¢y°1 is a pseudoscalar.
Let us see about time reversal now. Reversing time reverses both momentum and spin. We
know that time is antiunitary, so, if Z is an operator,

TZ = Z'T.

Which gives,
TayT™! = naa’y,
To; T = npb 5.

Where 7, and 7, are respectivelly the phases. So, if we do the same thing we did for the parity
operator,

-1 dS * 7, T sT —s * _—ipx
()T :/ TE >l P [ () e ).

We may write spin up and spin down components:

2] e gin 8
e = 4cos' 7, —_ e sem 7).
e¥sing )’ oS 5

—olo3 0

This change is made possible by the matrix product y'y3 = ( 0 ol

3> . Thus, by making

the same change that we did before, we get,

T = [ e S e ) = 215 )

Similarly,
TY()T~H = (=1, D) (—7'7°).



So,
()T~ = (=1, ) (=" )y P (—t, B) = dop.

) is a scalar.

T (x
Which shows that t(z)i(z
For the bilinear 9%,

T (YY) T~ = (TYT 1 )y> (TyT ™)

Thus, it is also a scalar under time reversal.
Now let us show the charge operator.
The charge-conjugation operator exchanges particles and antiparticles:

st ~v—1 __ g8t st ~—1 _ st
Cay €77 =b, Cb;/C7" =aj.
Applying charge conjugation twice gives
c? =1,
and therefore
cl=c.
Using the spinor identities
u*(p) = =i [v* ()], o*(p) = =i [’ ()],
we obtain the transformations of the Dirac field and its adjoint:
C(a)C™1 = —in*y*(x)
= —in?(P(z)°)"
= _Z(’L/}( )7072) )
and, analogously,
Cp(x)C~1 = =T (x)y*°
) T
= —i(y"7*¥ ()"
With these identities, the scalar bilinear transforms as
- _ T, - T
Cy)C = =(1"*) (¥7°9%)
—_ 7¢T,¢;T
=Yy,

Thus, ¢ is a scalar under charge conjugation. For the pseudoscalar bilinear,
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C(py° ) CF = —(1992) "% (67°42)
_ 7wT(7072V570,Y2)T¢_)T
— 4T ()T
= (7°p)"
="
Here the minus sign produced by exchanging the two spinors is cancelled because the fields are
fermionic. Hence, > is also even under charge conjugation.

11.4 Table of bilinears transformations

After having shown the transformation properties of each operator,

Space,
Py(z) P~ = 0y ep(t, — 7).
Ph(@) P = nii(t, —7))".
Time:
Tp(z) T~ = y'yPp(—t, D).
Tip(a)T~ = (=, 7)(—'7°).
Charge:

C(x)C™" = —i(d(x)y"7?) ",
CP(x)C7" = —i(1%%0(x)) "

We can prove how each bilinear transforms, just as we did show for 11 and 1)y51). The table is
the following

| Y yst st Py gytsy Y Oy
C [+1 +1 +1 -1 1 -1 1
P+l =1 =1 (=Dt (=D (D=0 (1)
T [+1 +1 -1  (=1)F (=1)* —(=1)#(=1)" —(=1)"
CPT|+1 -1 +1 -1 -1 1 -1

It is worth rewriting Dirac matrices and relations again:

0_1 0 i O O'i
=0 1) T T\t o)
5 _.o0123_ (-1 0
’y—wvvv—<0 1)

i
v° = 1< WY Ye
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y (01 s (0 —i s (1 0
“(10"72'0"’0—1'

With the metric convention we are using (1, —1,—1, —1),

[ {777} = 20

{(+*,7“}=0|

7" = 17 = 1" =70, 7' =~}

We will prove for every case:

I) For itpy®1):

The only transformation among C, P, and T that differs from 1)y°1) is time reversal, because,
since T is antiunitary:

TiT™! = —i.
Therefore,
T (ipy°) T~ = =iy,

and, of course,

CPT(ipy°¢)(CPT) ™" = ity 4.

IT) For the vector bilinear ¢y*1):
Charge conjugation gives

C () O = (= in°v2) [ — i(97°92) ] = =y ep.
Under parity,

Py ) P~ = nipy 2y natp = (—1)Fapytap.

Under time reversal,

T (P )T~ = oy (") v 7% = (= 1)FahyHap.

Consequently,

CPT (") (CPT) ™" = —gpyHap.

III) For the axial-vector bilinear yy"~>:
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‘We obtain
Cr"y°8)C™ = (= ir°70) vy [ — i(97°92) ] = Dy .
For parity,
Py ") P~ = nipy 9% nap = —(=1)" ¢y 0.

For time reversal,

T (P y° )T~ = P>y (Y*°) v P = (= 1)y .
Thus,

CPT (yy*+°¢)(CPT) ™" = ="y

IV) For the tensor bilinear, ¥y"") = by y¥e):
Charge conjugation gives

Cly" ) C™" = (= in°?9) iy [ = i(97°4%) "] = =y o
Under parity,
Py ) P~ = iy "9y et = (1) (=1) gy ep.

Under time reversal,

TPy )T~ = Py (P9 ) ' 20 = — (=1 (=1) gy .

Therefore,

CPT (") (CPT) ™" = py"ap.

V) Finally, for the derivative 0,,:

- 9, pn=0,
PO = {00 p=1,2,3 (=10,
o — Ly 4y dy
Co,C" =0,

_a ) = 07
To, 7 = % H = —(—1)*d,,
aﬂa n= 17 2a 37

and hence

(CPT)9,(CPT)™ " = —0,.
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12 Extra: Conformal Field theory fundamentals

Conformal Field Theory (CFT) refers to the field theories with conformal invariance (a trans-
formation that preserves angles in space). They turn out to be very beautiful and important for
modern theoretical physics, particularly in string theory and AdS/CFT correspondence, so let us
see some of its aspects.

12.1 Fundamental properties

Definition. A conformal transformation between manifold M and M’ is a mapping ¢ : U C M —
V' C M’ such that, for 2’ = ¢(z), there is a positive function A(z) such that,

ox'P ox'°
oo Gau g~ Ju

Considering M = M’ and flat space, we get,

A(x).

ox'P 0z’
T A).
Moo 5 o = v (@)

Considering infinitesimal transformations, x'? = x° + €, we get,

77/10(65 + auep)(‘sg +0,€%) = mwA(x) =N + 77”081/50 + Upuauepa

= ‘ n/LV(A(x) - 1) = 8U6/1. + auey .

Multiplying both sides by n*¥, we get,
d(A(x) — 1) = 20"¢,,,

thus, we get to,

N (20 - €)

I) 7

= Owep) |

Manipulating the above expression, we get,

[11) (d- D)D) =0]

\ [I1)  d(,0ve,) = Npudu) (0 - €) \

Those 3 expressions denotes conditions for an infinitesimal transformation to be canonical. Note
that, from IT), we get that the most general form for € is,

‘ €p = Ay, + Bz’ + Cpppata” ‘
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12.2 Conformal group and algebra

Note that the set of functions {f : # — (2’ — x)} of conformal transformations forms a group
of linear transformations (directly verifiable). Thus, we may describe its algebra by checking every
element of e.

We shall use the following results,

Lemma. If G is a linear Lie group and X € T,G, then, for y(t) = e, 3 e >0 st V|t <
6,7(t) € G.

Theorem. If G is a linear Lie group, then Lie(G) =g={X € GL/e!* € GV t € R}.

Proof. Suppose first that !X =1+tX + ... € G for all t. Since !X |;—g = e, the identity in the Lie
group, we have that X = Le'X|,_, € T.G, so {X € GL/e!™ € GV t € R} C Lie(G).
Now, suppose X € T,G. Then, using the lemma, for any t € R, 3 N € N such that |%| < ¢, thus,

e™ €G. Since Gisagroup, e ¥ eV e~ ... =X € G. So Lie(G) C {X e GL Je'X e GVt € R}.
Thus, we conclude that Lie(G) = {X € GL/e!* € GV t € R}. O

Thus, for the first term, considering X small,
Xl =P + AP = 2P +iXa”,
= iXa? = A,
thus, we get that X = —iA”0,. So the element in the Lie algebra is H.
For the term B, we use expression I, and get,
2 B
B(p,u) = EUW(U Bll,@)'

We can separate B, into a symmetric and antisymmetric part, B, = S, + A,,. Since this is
infinitesimal, we can assume S,,,, is proportional to the flat metric, S,, = an,,, and then consider
its transformations action,

2t =zt + an*z,,

ePrt = o' = iDa" = o'z, = | D = —iz"d, |.

For the antissymmetric part,

thus,

' =zt + A,
1Dzt = A" x,,

iDx” = A"y, = —A" g,

Thus, we see that for the antissymetric part ‘ DY =i(z#d, — x"0,) ‘
For the C' term, we use 111,

Copv = =(MpuCh0),

SHN

1 1
Coata’ = E(xpx”C,j'U —2"z,Ch, + :pr“CZU) = E(2xpx”C’,‘fU — 2"z, C} ).
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Now, if, "
i _ ooV
ez, =x,+ Cpuata”,

= ‘ K? = —i(22"2" 0, — z"x,0") ‘

Thus, we get that the Conformal group Lie algebra generators are,

1)Translation : .
2)Dilation : .

3)Rotation : ‘ D, =i(x,0, — 2,0,) ‘

4) Special Conformal Transformation (SCT): ‘ K? = —i(22”27 0, — x¥x,0") ‘

The dimension of such Lie algebra is @ +2d + 1.

In the remaining of this project, we shall focus in d = 2. In this case, letting pu, v be represented

by 0,1, we get, by I,
a(061) =0}
Boco + Dher = 200c0 — [Gogo = Orer ]

Notice that those are Cauchy-Riemann equations. Thus, we state,

Theorem. If €(z) = eo(z°,21) + ier (20, 21), the transformation f : C — C, f(2) = 2z + €(2) is
conformal iff it is holomorphic.

Therefore, if one is dealing in the complex space, we can write € and € as Laurent series,

e(z) = Z 2" e,

ne”Z

€z)=> "e.
nez

Thus, in the transformation 2’ = z 4+ ¢(z) and z’ = Z + (%), we can write the generators as,

The generators obey the relations,

B
ED
I
3
|
2
s
+
3

(
[Zn, L] = (0 —m)lnim,
[lnylm] = 0.
This defines a Witt algebra, after Ernst Witt [1911 - 1991].
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Definition. A Witt algebra is a Lie algebra of generators ,

With the Lie bracket,

There is an extension of crucial importance of this algebra, which is the so called Virasoro
algebra, named after Miguel Virasoro [1940-2021].

Definition. The Virasoro Algebra is a complex Lie algebra of operators L,,, n € Z with the bracket,
[Lyy Lin] = (0 —m) Ly + A(n® — 1), —n.-
Where \ € C.

Those definitions will have their importance shown later.

12.3 Primary Fields

We can start studying CFT in Euclidean space, with the correspondence R% ~ C by adopting
z =20 +1ix!, 2 =2° — iz'. Thus, fields in our theory are described as,

b = P(z,2).
Definition. Fields are Chiral and Anti-chiral if, respectively, ® = ®(z) and ® = ®(z).

Definition. ® is called a primary field if, upon conformal transformation z — f(z), we get,

N 6f h 6f h o
29 = (5) () etrerie.
Where h, h are the so called conformal dimensions.

If a field is primary, , (Of)" = 1+hde+O0(€?), and ®(z+e,.) = ®(z,.)+0Pe+O(e?). Considering
an infinitesimal transformation, we get the transformation law,

5c.e® = (e(2)0 + €(2)0 + hde + hde)®(2, 2) |
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12.4 Stress energy tensor

In building actions of primary fields invariant under Conformal Transformations, we get the
Noether current,
Ju = Tue”,

by taking the derivative in both sides, we get,
M (Tpw)e” + T, 0% () =T, 0" (7)) =0,

by using I and considering that T},, is symmetric,

Twn™ (0 - €)
= T =0|
7 —0=[m=]

Thus, we see that the stress energy tensor in a CFT in d = 2 is traceless.

If we wish to make a variable change,

dz® dzP

b = g g o8

where 2% € {29, 21} and 2* € {z, z}. We get,
1
Tz =15 = Z(Too +T11) =0,

1 .
T..= Z(Too —iTo1),

1 )
Tz = E(Too +iTo1).

We also find out that the two non-vanishing components are holomorphic and anti-holomorphic,

|0:T.. = 0.T:: = 0.

12.5 OPE

In QFT, once we have a theory with conserved charge constructed from a symmetry, we can
write the variation of the field in respect to that transformation by d® = [@, ®]. In our case, we
have that, inside a region C,

5o c® = f ds! [T(2)e(2), ®(z, 2)] N f . [T()e(z'), ®(z, 2)]
¢ C

20w 20w

Comparing to our previous expression for the field variation and considering the identities,



/
/ _
= omi j{ dz (z — 0%(z,%),

i 4 L) O 2 o 4 noeya(s, 2),

2

we see that,

_ h(@(w,@)e(z)) 0P (w,w)e(z)

= [T(2)e(2), @(w, w)] 5

b

(z —w) z—w

up to singular terms. There is an analog expression for the holomorphic part. Such expression
allows us to define an Operator Product Expression (OPE) between the stress tensor and the fields,

Lemma. If & = ®(z,2) is a primary, the OPE with the stress tensor in a CFT is,

(®(w,w)) n 8@(11},@).

Z—w

The OPE can be viewed as an algebraic product of quantum fields. We may also write the
Laurent modes of the Stress tensor,
d
L’IL = ]{iz"+1T(z),

211

[Lon, L] 2" T (2), T (w))].
Lol = f 52 § S (), Tw)

In order for this to respect Virasoro algebra, we state the OPE of stress tensors,

c 2T (w) OwT (W)
2(z — w)? * (z —w)? T |

In this case, we adopt [Ly,, L] = (n — m) Lppm + ﬁ(n3 —n)dpm,—n, where ¢ is the so called central
charge. We also note that if ¢ = 0, the stress energy is a primary field of conformal dimension 2.
Let’s now apply this formalism to QFT examples.

12.6 Free Boson

The action for free massless scalar fields is given by Polyakov action (named after Alexander
Markovich Polyakov [1940-]).

S = / d?2[0X"0X,,).
Using Euler-Lagrange equations, we see that the equations of motions are

AOXH = 0.
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This implies that the average value of the OPE of the above expression with any field that is not
in z vanishes, i.e,

< OX*...>=0.

Using the fact that 90X* = 7% and the above statement, we must have that
_ S _
< DOXP X (w, 1) >= 0 —> / [DX] <o (X" (w)) = 00 < XH(2,2) X" (w,10) > 476 (2w, 7-0) = .
“w

This leads to the OPE,

| XM (2,2) X" (w, @) = =" [In(z — w) + In(z — )] |

And the energy stress tensor non-zero components are

T, = %(8X“8XM)7

1 - _
ng - 1(8X"8XM)

With this, we see that the OPE singular terms are,

T(z) X" (w,w) = ,

thus, we see that the bosonic field has no conformal dimension(The same conclusion is taken for
the antiholomorphic part).
The OPE of stress tensor leads us to,

)G

T(:)T(w) = 15 (0X"0X,0,X"0,X,) = “1c-

(90 (m; (= In(2—))) Do Xy 08y (s (— In(z—w))) 00 X ) +... =,

= 1i6 904 (n,,(— In(z—w))) 90y (n}; (— In(z—w))) +00u (M. (— In(z—w))) 00w (" (— In(z—w))) | +... =,

- %6 [(2_811))4} .= 2(Tcw)4 + ()

This implies that the bosonic free field has central charge ¢ = 1. This theory is also used to describe
bosonic strings in String Theory.

12.7 Free Fermion
The action for the Free fermion field ¢(z) is,

S = /d%[ww + 0.
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Using the same procedure as the last case, we find the equations of motion,

=0 =0,
the OPE,
1
UE(w) = —,
and the non-zero components of the Stress Tensor,
1
T(2) = —5(6(2)06(2),
_ 1 - __
T(2) = -5 (¥(2)09(2))
With this, we find,
1

since it has no OPE with the the conjugated part, we see that the fermionic field has conformal

dimensions (3,0).

Also, since we are dealing with fermionic fields, they anticommute, so one needs to change their
signs when flipping them during the OPE. Doing so, we get,

T()T(w) = 0600)(:) (WOU) () = g = €= 3.

A theory with two fermions gives ¢ = 1, which is related to the process of fermionization (replacing
a boson for a pair of fermions).

12.8 bc Ghost System

A very similar CFT of the fermionic field is the action for the fermionic ghost fields b and c.
S = /sz[béc+ boe).

The Equations of motion and OPE of the fields are
Jdc=0b=0¢=0b=0,

The stress tensor is,

The(z) = —2b(2)0c(z) + c(2)0b(2),
with an analog expression for the antiholomorphic part. Making the OPE with the stress tensor
gives (hy, he, hy, he) = (2,—1,2,—1), the rest being zero. The central charge is,

-13
I +...=—= c= —26.

T(2)T(w) = m

This result has an implication that in the bosonic string, the number of dimensions is 26.
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12.9 A bit about BRST

The BRST (named after Carlo Becchi[1939-2015], Alain Rouet [1942-], Raymond Stora [1930-
2015] and Igor Tyutin [1940-]) is a process for quantizing fields. We are going to show an example
here related to what has been previously described.

Note that, if we wish to mix bosonic fields with ghost fields, we can write the lagrangian,

S = /dQ,z[aX”éXu + bOc + boe,

This avoids conformal anomalies. This action is invariant under the so called BRST transformations,

0XH* =ncoXH,
dc = nede,
6b=nT,

where T'(z) = Tx + Tp. denotes the stress tensor, and Tx(z) is the stress tensor for the bosonic
part (shown in section 4.1).
These symmetries implies the following Noether charge,

Q= fdz(cTX + bedc),

which has the remarkable property of being 2-nilpotent, @2 = 0. This allows us to describe the
physical states of the theory as cohomology classes of @p. This turns out to be a way to gauge
fixing the degrees of freedom in a theory.

12.10 Virasoro Modes approach

There is an approach alternative and usually more practical to OPE, which is to define the field
¢ as a state |¢) such that,

Lolg) =hlo),
Ln|¢) =0, n>0.

To be more precise, write ¢(z, z) in Laurent modes,

O(z,2) = Y 2T g

n,mez

in this sense, if one has the vacuum |0), we define,

6) = lim_6(2,2)[0) = d_p 5 |0).

Z,Z—

If we wish to write the hermitian conjugated version, we use Wick rotation, ¢y — ix¢ and leave x
unchanged. Thus, we make the transformation z — %, and, for a primary field, that implies that,

ol (z,2) = 2722727 27 = | @ = Donm
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Using the OPE of stress tensor previously developed, we can prove that, for a chiral field,

[Lm7 ¢n] = ((h - l)m - n)¢m+n7
and acting with the stress tensor is equivalent to act with L |0). In fact, we can use the relation,

c

(0] [L2, L_2]0) 5

The OPE procedure is equivalent to act the field modes with Virasoro modes and use the commu-
tation relations. In this sense, the bc system ghosts can be written as,

b(z) = Z bpz "2,

neZ

c(z) = Z Cnz "L

nez

With an analog expression for the holomorphic parts. Using the OPE, we find
{bm; Cn} = 6m7m'

It is in this sense that the charge @ is an operator.

13 Appendices
13.1 Linear algebra toolbox (AI written)

Throughout these notes we use basic concepts from linear algebra. Here is a compact list of
conventions and facts that will be useful.

Definition. A (complex) vector space V is a set equipped with addition and scalar multiplication
by C. A linear map is a function 7' : V' — V such that T'(av + fw) = oT (v) + T (w).

Definition. A basis of V is a set {e;} such that every v € V can be written uniquely as v = Y, v’e;.
The dimension dim V' is the number of basis vectors (when finite).

In a basis, a linear map T is represented by a matrix 7%; defined by T'(e;) = >, T"je;. Changing
basis corresponds to a similarity transformation 7+ S~'TS.

Definition. An inner product on V is a map (-,-) : V. x V — C that is linear in the second entry,
conjugate-linear in the first, and positive definite. In Dirac notation we write (v, w) = (v| |w).

For an orthonormal basis {|i)} we have the completeness relation
Dol =1
i

(which generalizes to integrals for continuous labels).

Definition. An eigenvector of T is a nonzero v such that Tv = v for some scalar A € C (the
eigenvalue). We say that T is diagonalizable if there is a basis of eigenvectors.
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In many QFT examples we deal with Hermitian (self-adjoint) operators A = AT, which have
real eigenvalues and can be diagonalized by a unitary change of basis. Projection operators satisfy
P2 = P and represent orthogonal decompositions of the space.

Finally, we frequently use the commutator and anticommutator of operators,

[A,B] = AB— BA,  {A,B} = AB + BA,

which measure (non-)compatibility of observables and encode the algebraic structure behind quan-
tization.

13.2 Schur decomposition (AI written)
Theorem. (Schur decomposition) Let A € M, (C). Then there exists a unitary matriz U € U(n)

such that

where T is upper triangular. Moreover, the diagonal entries of T are the eigenvalues of A (counted
with algebraic multiplicity). [Isaai Schur (1875-1941)]

Proof. We argue by induction on n. For n = 1 the statement is trivial.

Assume it holds for (n — 1) x (n — 1) matrices and let A € M,,(C). By the fundamental theorem
of algebra, the characteristic polynomial of A has a root A € C, hence there exists a nonzero vector
v with Av = .

Normalize v so that ||v|| = 1 and extend {v} to an orthonormal basis {v,es,...,e,} of C™.
Let U; be the unitary matrix whose columns are this basis. Then the first column of U{r AU, is
U{ Av = U (\v) = Aeq, so the transformed matrix has the block form

Ul AU, = (3 2‘1).

By the induction hypothesis applied to A; € M,,_1(C), there exists a unitary Us € U(n — 1)
such that U2T AUy = Ty is upper triangular. Define the block-diagonal unitary matrix

~ 1 0
0= (o 1,)-

TiUi AU T = (N
2 1 0 Tl )

Then

which is upper triangular. Taking U = Us Us proves the decomposition.

Finally, since similar matrices have the same characteristic polynomial and the characteristic
polynomial of an upper triangular matrix equals [ [, (¢ — Tj;), the diagonal entries of T" are precisely
the eigenvalues of A. O

13.3 Noether Theorem

Definition. A transformation ¢ : U — U defined on the domain of a Lagrangian function is called
a continuous symmetry iff 3 F* : U — C such that 6,L = 0, ™.

78



Theorem. (Noether) A continuous symmetry implies the existence of a conserved current in the
equations of motion, i.e, 3 j* : U — C such that 0,j" = 0.

Proof.

0L 0¢ oL 0(9%¢)

e et LN ol
99 dp  0(0"¢) Oy

by Euler-Lagrange equations, we get,

oL 96\ . .
a“(aam aso) = GuF™,

S =

. oL 0¢ .
"= = —F"=0,j"=0|
7T 0(0.0) 09 !

O

Definition. If we have a Noether current, we may define the conserved charge, | Q) = / A3z
M

d -
Note that, by Stokes theorem, this implies —Q =— / j-ds|.
dt oM

Definition. Note that we can write 0,£ = 0, (“L) = | T = oL
9(0u0)
Stress-Energy Tensor. And we have the conserved quantities, Q* = [ M d3zT"0. Essentially, stress
tensor comes from invariance of translation of coordinates.
We can also compute the Stress Tensor based on metric perturbations of the action,

Ovp — 0, L |. This defines the

S = /d4x —g L(g", ®;,0,9;), Guv = N + I

To first order in the perturbation h,,, we write

oL
L(g,®) = L(n, ) + A" S (n,®),

and, since det(n,,) = —1,

vV—g~1—-ht,.

Therefore,

oL 1 1 oL
— 4 pv T ppv - 4 o nv
55 /d x (h 5w " 3" T,W,c) . /d x <2agl“’ n,w£> hH.

This motivates the definition

oL

T = QW

— N L]

By construction, this tensor is symmetric and is associated with variations of the metric rather
than coordinate translations.
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13.4 Quantum harmonic oscillator revisited

Quantum harmonic oscillator is here stated only in one dimension (already contains all the

physics we need),
w// m(wx)2

Ep=—— 4 )
(G am T o ¥

We can solve this differential equation by Frobenius method and get that, for n a non-negative

integer,
1
E, =w <n + 2),

for eigenstates |n). Considering that,

we define,

1 2
ar = (\/mei‘:i:i\/ﬁ)
2 mw

And a = a,, at = a_. This way, we can show that,

IS W A w1
w(&Td):H+%[1‘,p]=>H=w aTa+§ ,
P _IA{ ZOJ PR IA{— PO 1
w(aa)— —?[x,p]:> =wlaa' - ),
[a,a'] =1,

Haln) = (B, —w)a|n),

Hal|n) = (B, +w)al |n).

From the last two identities, we infer,

aln) = An)[n—1)|

a'|n) = B(n)|n+1)|

We may infer A and B by the requirement that the states are normalized, thus,

a at w(n—l—I—l)—l-g
i) = U g e "V T B b
Bln) = \/aln ¥ 1)
Similarly, ot 4 w(n +1— 1) 4w
(nfn) = (n +1| |n+1) = 2 2 1

An+1) A(n+1) [A(n+1)]2 ’
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A(n) = Vwn.

Thus, we can finally sum up everything we need to know about the quantum harmonic oscillator,

) = (nt 3 ) o).

A 1
H=uw(da+ 5
w(a a+ 2)7

aln) = Ve fn - 1),
il In) = Ve(n + 1) |n +1),

[a,a"] =1,
PR (a+a'),
2mw
p=—iy) = (a—al)

13.5 Klein Gordon vs Dirac probability conservation

Schrodinger equation, named after austrian physicist Erwin Schrodinger (1887-1961), express
energy conservation for a non-relativistic particle with wave function v, mass m, momentum p and
under potential energy V:

(»°)

2

Substituting Energy and momentum to their respective operators:

A 0
E=ih—
o
p=—ihV,
We find: o0 .
. 2
— = —— V.
"ot QmV VY
By naming p = [%]? and j = ﬁ(ﬁz/n,b* — ﬁw*z/J), we can manipulate the above equation in order
to get (Exercise),
Op+V-j=0,

which is conservation of probability (note that this is consistent with Max Born interpretation that
|4|? is the probability density).

The first attempt to apply relativity into the equation was done in 1927 by Swiss physicist
Oskar Klein (1894-1977) and German physicist Walter Gordon (1893-1939). By taking Einstein
energy equation and substituting for the operators shown above, the following equation was found
(in natural units):
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62
(—aﬁ+v2—m2>¢:o.

Which is Klein-Gordon equation. By manipulating the expression in a similar way we did with
Schrodinger equation, we get,

09, 04"
p= 8t¢> + g ?,
7 =Voo* — Voo,

As it is possible to see, the probability density can be negative defined. This troubles Born
interpretation for the wave function. Dirac, intending to fix this problem, developed his equation
as we have seen in section 3, and got,

Oy
1

ot

o™
ot

thus, taking the difference, and considering that a = af, we get

B () + V(¢p*ay) = 0.

= —ip* (& V) + Bmy*,

b = i(Vip - ale) + fmyp*ep,

—1

Thus, we get the p to be positive defined again, preserving Born interpretation.

13.6 Residues theorem revisited

Take f: C — C. Here, C is a real vector space with dimension 2 with algebraic product defined

by,
vw = v * w = (V1w — VaWa, V1Wa + Vw1 ).

This is equivalent to write (z,y) = x + iy, where i> = —1. Let 2 = x + iy.

Definition. We say a function f : C — C is holomorphic if f(x,y) = f(z) = f(x + iy) and if it is
differentiable in respect to z.

Theorem. If f(xz,y) = u(x,y)+iv(z,y) is holomorphic, it respects the Cauchy-Riemann equations,
i.e, Uy = —Vz and Uy = Uy.

Proof.
f(@,y) = flz+iy) = ug +ivy = 0, f(r),
Uy + vy = 10, f(1),
By comparing the two expressions, considering both u and v are real, we get, u, = —v, and u, = vy.

O
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Example. The inverse of the above theorem is false for when the function f fails to be continuous
everywhere. Take, for instance,

fz) = e,

for z # 0 and f(0) = 0. The function is not continuous at zero, but,

x—iy _z y
f(z,y) = e=?+v? = e»?+? (cos (M) 1 sin <x2 e >

so, u(z,y) = e T (cos (zf_,yﬂ/?>) and v(z,y) = P . (Sln ( )) We can thus di-
0.

rectly check that u, = v, and u, = —v,, even for the limit of (z,y) going to

Now, we shall talk about residues. For any holomorphic differentiable complex function, we can
write its Laurent series around a point zg,

z) = Z Ap(z —20)™,

meZ

for A,, € C. If we integrate in a closed simple connected path &,

i F(2)dz = A, i (2 — 20)™dz,

z=re"? 4+ 29 = dz = dre’? + ire'ds.

The integral on dr vanishes, for the endpoints are equal, for the other part,
2m
Apirmtt / emtNo g,
0

this is non-vanishing only for m = —1. Therefore, we conclude with Cauchy residues theorem,

ff(z)dz =2miA_1|
3

Where the coefficient A_; is the residue of the function in the region limited by £. Note that,
if f(z) = (Zf(jo))m, assuming g has no poles and for m > 1, it is true that, applying integration by

parts, ( )
9() . _ A N
i(z—zo)md jg(m—l)!(z—zo)d ’

thus, we get that the residues of order m for a complex function f are,

We shall show a few examples,
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Example. Let us solve Dirichlet integral,

Iz/ dxsmzzr =Im</ da:e>.
oo T oo T

We can see that this has a pole in 0, so, we write the contour,

N

| ! ! |
—R —&| €& R

Figure : Contour. In here, R is taken to infinity and € is taken to zero.

and, since there is no poles inside the contour, we have,

R el ™ e —€ iz 0 e
/ —dzr + / idf(e Be)y 4 / —dz + / idf (e’ ")) = 0.
€ T 0 -R X ™

Taking the limits for the values, we get,
00 eiﬂc
dr— =im,
x

— 00

/ dxsm(:c) ol

X

thus,

Example. Take the integral,

e’} 1 2 2
1:/ g MO

2 2
5o a‘+x

where a, b are real. We may take b*> = ¢ and I = I(c) and derivate,

o [ 1
”C)*/,ood @ T 2@ 10

and now we can solve it using contour integral, considering just the upper part a,b > 0,

"(¢) = 2mi 1 1
I'(e) =2 (Qai(c —a?) + (—c+ a2)(2\/5i)>’

84



Integrating in respect to c, we get,

2
I(c) = iln(a+\/5)+0
a
where the constant C is zero by noting the integral in the beginning of this example. Thus,

I= 2—7T1n(a+b).
a

13.7 Gaussian integral of matrix

Lemma. FEvery symmetric real matriz A is diagonalizable.

Proof. By Schur decomposition, 3 U € M, (C) orthogonal such that A = UBU”, with B being
an upper triangular matrix. This implies B = UT AU, BT = UTATU = UT AU = B. Since B is
symmetric and triangular, it has to be diagonal.

O

Theorem.
T N-—1

T s No1
det (1)

Proof. Notice, from section 3, that M is a real diagonal matrix. This implies that it is diagonalizable
by the previous lemma. So, there is a basis such that M is diagonal. Taking it, and writing
eigenvalues of M as —im; (assuming none vanish), we got that the integral turns into,

my(n" 27 aN-1

/dnl dny_1exp ———— det( L)
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