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that governs nuclear physics. In the language of quantum field theory, it

is a non-Abelian gauge theory.

Figure 1. Avalible from:

https://www.researchgate.net/figure/QCD-running-

coupling-as-a-function-of-energy-scale-This-figure-is-

adapted-from-Ref_fig5_263811655
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INTRODUCTION
We cannot use perturbation theory in the infrared regime. Therefore, we

must be clever and find ways to obtain results from the theory in this

non-perturbative regime.
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We cannot use perturbation theory in the infrared regime. Therefore, we

must be clever and find ways to obtain results from the theory in this

non-perturbative regime.

Figure 2. Avalible from: https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.84.449 [5].

One way of circumventing this problem is Lattice QCD. However, even

lattice methods have difficulties with some aspects of QCD, such as the

sign problem when one tries to compute observables at finite real

chemical potential.
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Another thing we can do is search for relevant features of QCD and

isolate them in simpler, more tractable models, which can be solved more

easily, and then explore the consequences of these features.



INTRODUCTION
Another thing we can do is search for relevant features of QCD and

isolate them in simpler, more tractable models, which can be solved more

easily, and then explore the consequences of these features.

This can be done by starting from the full theory and deriving an

effective theory in some limit, or by building models that incorporate

these features. This is where the NJL model enters. Originally built to

explain why nucleons are much more massive than pions, it is nowadays

reinterpreted as an effective theory of QCD.
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HISTORICAL OVERVIEW
1935 - Hideki Yukawa predicted the

existence of a meson as the force carrier

of the strong nuclear force.

Figure 2. Avalible from: https://pt.wikipedia.org/wiki/Ficheiro:Yukawa.jpg
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HISTORICAL OVERVIEW
1935 - Hideki Yukawa predicted the

existence of a meson as the force carrier

of the strong nuclear force.

1947 - Lattes, Occhialini and Powell

discovered the charged pion [1].

1949 -Evidence for a new charged meson

more massive than the pion, later called

the kaon [2]. 

1950 to 1960 - A bunch of new hadrons

were exprementaly found [3,4] .
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HISTORICAL OVERVIEW

Figure 3. Avalible from: https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.84.449 [5].



HISTORICAL OVERVIEW
We have a problem!!!

Figure 3. Avalible from: https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.84.449 [5].
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HISTORICAL OVERVIEW
1961 – Yoichiro Nambu and Giovanni Jona-

Lasinio proposed a model to address this

problem [6,7], marking the birth of the

Nambu–Jona-Lasinio (NJL) model.

Figure 4. Avalible from:

https://pt.wikipedia.org/wiki/Ficheiro:YoichiroNa

mbu.jpg

Figure 5. Avalible from:

https://pt.wikipedia.org/wiki/Ficheiro:Giovanni_J

ona-Lasinio-Nobel_Lecture-1.jpg
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THE NJL MODEL

The model generates nucleon masses through

spontaneous chiral symmetry breaking.
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Consider the Dirac Lagrangian:

One can define projection operators that separate the left-

and right-handed components of a spinor:
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THE NJL MODEL
Thus, chiral symmetry can be expressed through the following transformations in the Dirac spinors

where

In this language chiral symmetry is broken if the Lagrangian is not invariant under the axial

transformation.
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THE NJL MODEL
Now lets go back to the NJL Lagrangian

The two terms of the interaction part transform as 

where
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THE NJL MODEL

In the case of massless fermions the NJL Lagrangian has chiral symmetry.
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We get the following generating functional

where
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We made the Lagrangian linear in the fermionic fields, so we can integrate then out
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THE NJL MODEL
We made the Lagrangian linear in the fermionic fields, so we can integrate then out

with Now we exponenciate this determinant to obtain an effective 
action, 
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We will assume that the vacuum has the usual symmetries that we like, e.g. Poincaré symmetry, charge

conjugation, parity, and time reversal. This imposes constraints on the vacuum expectation values of

operators, for example:

From Poincaré invarience

From parity invarince
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THE NJL MODEL
Now we proceed with a mean field approximation

Now we expand the effective action on this classical configuration and discart the quatum

fluctuantions. The classical configuration is the one which extremizes  the action
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Using the following matrix identities 

And the inverse propagator

We get 
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THE NJL MODEL
The inverse propagator evaluated at this configuration is 

Which allows us to define constituent masses

and gives the gap equation 
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In the chiral limit 

which allows a non-zero solution. When this happens we get

This is a manifestation of spontaneus chiral symmetry breaking.
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THE NJL MODEL
In an quantum theory symmetry transformations are implemented by unitary operators. If the vaccum is

invariant under a transformation

This is spontaneus symmetry breaking (SSB), when the Lagrangian has a symmetry but the ground

state doesn’t.
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THE NJL MODEL
From Goldstone’s theorem, when SSB occurs, one obtains massless particles called Goldstone bosons.

This explains why the pions have such a low mass, because they are the Goldstone bosons of chiral

symmetry breaking.

To see this lets consider the first non-zero contribution of the pseudoscalar auxiliary field to the action

When we do path integral we identify this as the inverse propagador of the field
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NUMERICAL RESULTS
As I said before, the model is nonrenormalizable, but there is no need to worry, especially nowadays,

when it is interpreted as an effective theory of QCD at low energies.

Since, in a nonrenormalizable model, all Green’s functions are divergent and an infinite number of

counterterms would be required to fix their values, we will instead avoid dealing with them explicitly and

treat the regulator as a free parameter that must be fixed experimentally.
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NUMERICAL RESULTS

Figure 5. Avalible from:

https://dragallur.wordpress.com/2015/05/03/3-

particles-quarks/

Figure 6. Avalible from:

https://dragallur.wordpress.com/2015/05/03/3-

particles-quarks/

https://www.chegg.com/homework-help/questions-and-answers/table-shows-mass-one-neutron-one-proton-one-electron-helium-4-atom-mass-400260325-u-atom-m-q37574739
https://www.chegg.com/homework-help/questions-and-answers/table-shows-mass-one-neutron-one-proton-one-electron-helium-4-atom-mass-400260325-u-atom-m-q37574739


32

NUMERICAL RESULTS



32

NUMERICAL RESULTS



34

NUMERICAL RESULTS
For 
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Figure 7. Avalible from: https://www.researchgate.net/figure/The-

phase-diagram-of-QCD_fig1_282844145



36

CONCLUSION
The NJL model isolates a specific feature of QCD, chiral symmetry,

and allows us to study its consequences.

 The model provides a mechanism—spontaneous chiral symmetry

breaking—to explain why protons and neutrons are much more

massive than the sum of the masses of the quarks that compose

them.

 We can use it as an effective theory of QCD to explore regions of the

phase diagram that are not accessible to the lattice community and

to obtain qualitative insights into its behavior.

Figure 8. Avalible from: https://sites.ifi.unicamp.br/hadrex/qgp/
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