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Motivation

Supersymmetry (SUSY) is one of the core on going theories in theoretical
physics. Although no major experiment has seen a direct evidence of its
existence, as well as no falsification of it, it provides a possible solution to a
number of problems still open today, such as "WIMP" particles in
cosmology, the hierarchy problem, and it provides the necessary tools to
compactify strings in string theory (where it appears naturally).



As we have seen, in QFT, non renormalizable theories can be dealt with by
dealing with scales well below the cut-off,

() = o) 1 )(w—“,

When «; > 4 (non-renormalizable), the coupling goes to zero for A << Ay.
But, for high energies, this does not work. Supersymmetry is a possible
solution to this problem, as it attempts to build theories that are valid for
high energies, and give rise to non-supersymmetric theories in low scales by
the symmetry breaking.



In 1967, Sidney Coleman (1937-2007) and Jeffrey Mandula (1941-) proved
(in a theorem that now holds their names) that all Lie algebras that
generate internal and space-time transformations can only combine them by
trivially commuting (i.e, [T, P,] = [T;, My] =0, for T, a internal
symmetry generator ). Supersymmetry evades this problem by extending the
Lie algebra to a Lie super algebra, which is what we shall do now.



Supergeometry

Definition
An [-graded vector space V is a direct sum over a set of vector spaces V; for
i € I such that each V; #£0, i.e,

V = @iGI‘/iv

An elements v € V is called homogeneous if 3 i € [ such that v € V.
Definition
An |-graded algebra A is an algebra over an I-graded vector space,

A= Djc/A,

where each A; is defined over V; and the product * in the algebra obeys, for

veViandwe V:
vew € Viyj



Now, we get to our central point,

Definition

The prefix super means graded by Zo,, i.e,
V = Vp @ V4 is a super vector space,
A= Ay @ A; is a super algebra.



Example

is a super vector space of dimension (p? + g2, 2pq), where the bosonic part is

Vo = { <A g) /A € My(C),D € qu((C)} and the fermionic part is

Vi = { (c g) /B € Myo(C), C € Mq,,((C)}.

Proposition

o o

(V, ), where x stands for usual matrix product, is a super algebra.

Proof.

Notice,
A 0\ (A 0
wew= (5 5)+(5 0)=(
A 0\ [0 B 0 AB
VO*VI*(O D)*<C o)*(oc 0
0 B\ (A0
vl*vo:(c o)*(o ; (

0 B 0 B BC" 0
weu=(2 8)-(2 )= (¢ &) ew

thus, the condition for (V/, %) to be a super algebra is satisfied. This is the so called Mat(p|q) superalgebra.



Super Lie Algebra
n what follows, if x € V is a homogeneous element of a super vector space, we shall adopt the
notation x = 1, if x € V4, and X = 0 otherwise.
Definition
A super Lie algebra is a super algebra (V, [, ]) such that, for all X, Y homogeneous elements, we get,
1) Bilinearity
[aX + bY,Z] = a[X, Z] + b]Y, Z],
[Z,aX + bY] = a[Z,X] + b[Z, Y].
II) Super anticommutativity o
X, Y] = ~(~)¥ Y. X]
I11) Super Jacobi identity

(12X, v, 20 + ()XY 12 XD+ (1) Y2, X, YT = 0.

Note that, due to the bilinearity property, knowing how the supercommutator works for homogeneous
elements show us how it works for any element.

Theorem
If (V,*) is a super algebra with commutator [x,y] = x x y — (=1)%y x x, with  being a distributive
and associative operation, then it is a super Lie algebra.



Proof.

In what follows, we shall write the product as xy.

The bilinearity comes directly from the distributive property of the algebra
product.

The super anticommutativity follows easily,

[, y] = xy — (1) yx = —=(=1)¥ (yx = (-1)7xy) = —=(-1)7[y, «],

XY, 2] = (—1)XY]Y, [Z,X]] and
,[X, Y]]. Expanding the brackets and noticing that

E'\u

I = (=1)%xyz — (~1)"Cxzy — (~1)7 (y2x — (=1)zyx),
I = (—1)¥yzx — (=15 C ) yxz — (=1)F (zxy — (—1)%xzy),
M= (=) zxy — (1) zyx — (=1)F (xyz — (=1)7 yxz).

We can see that, upon summing, all terms cancel, so, super Jacobi is
obeyed.

]



Super Manifolds

Definition
A supermanifold of superdimension (m|n) is (M4, A(R")) such that,
[) M,y is manifold of dimension m

[1) A(R") is a set of n Grassmann variables ({61, ...,6,} such that §;0; =
—0,0;).

This way, a supermanifold may be parametrized by (xi, ..., Xm, 61, ..., 05)
where x are the manifold coordinates and 6 are the Grassmann variables.
Superdomains U may be defined similarly, as an open set U C M,y with the
sheaf of Grassmann variables. The set of functions in superdomains I/ is
C>U) = C=(U) ® A(b4, ...,0,) and, for f € C>°(U), we have,

F(X1y 2oes Xy 01, -y 0) = Fo(X +Zf(x0 + ) f(X)0:0; + ..

i<j



We call the functions being multiplied by an even number of 6 bosons, and
for an odd number, fermions. The intuition behind this nomenclature can
be taken from the fact that, for n an even number, [6;,...6;,0;...0;] =0,
Wh”e, if nis Odd, [9,’1...9,'”, 91-1...91-"] = 29,’1...9,'”@1...6‘1'".

In the context of physics, Supermanifolds are usually denoted as
Superspaces, and functions on it are denoted superfields, having both
bosonic and fermionic part.

Formally, we give the following definition,



Definition
Given a superdomain of a supermanifold, I/, we have the super vector space
v(C=(U)) = Vo(C>=(U)) & Va(C>=(U)), where,

Vo(C*°(U)) = {f € C>°(UU) /f is bosonic},

Vi(C=(U)) = {f € C=(U) /f is fermionic}.
This is equivalent to describe elements of V as ﬁl.,,,-mﬁ"l..ﬂ"m and say they
belong to Vg if m is even, and belong to V; otherwise. So, in this
description superfields are vectors. We can induce the superalgebra (V/, *)
with the product,
£ j00..0meh o0,

Ji-edi

(fo i 0 0m) % (F,,00..60) = (—1)™f;

1eeidm

Note that this implies that,

(Fi 0 ) % (Fy i 00..0™) = (=1)™(f, i 0"...0m) % (F,.;00..60).
So, (V, ) is a super commutative superalgebra, (i.e,

x*y = (=1)Yy*x = [x,y] = 0 under the commutator of the previous
theorem) which we will denote as superfield vector space. By the last

theorem, it has a natural structure of a Super Lie Algebra.



Theorem

The number of bosonic terms (or degress of freedom) is the same of
fermionic.

Proof.

Note that, when we multiply a term for k Grassmann variables, we are
essentially choosing k out of n, so we have (}) terms. Thus, we have

Sk even (1) bosonic terms and >, ., (7) fermionic. By Newton's
bynomial theorem,

e 3 () 50

k even k  odd
So, they must be equal.

O



SUSY theories

Definition

A Susy system is a Superfield vector space (V) with an odd derivation
Q:V — V such that Q(Vp) C V4 and Q(V1) C V. Also, given a constant
fermionic parameter 7, a SUSY transformation of a vector v is defined as,

nQ(v) = dov.

We define a supersymmetric theory as a theory invariant under SUSY
transformations.



Example
Lets take the case of R/ space time, i.e, one coordinate bosonic and one
fermionic. In this case, we can take the superfield,

d(t,0) = o(t) + 6y(1).

Also, let’s write the action,
S = / dt do(D$0,d).

In which D = 9y — 69;. Our susy generator will be,
Q =0 + 00;.
As one can check, this satisfies,
[Q,0:] =0,
{Q, Q} = 20;.



Example
Now, rewriting the action,

5= [ d i+ ).
So, we may apply the susy generator, with the fermionic parameter 7,

nQ(P) = 0o + mp = dq¢ + 05q.

Which implies,
dod = .
S = —no.

Those are the susy transformations. Applying this transformation into the
argument of the action, we find,

S + ¢%) = —ndt + Y(—nd) + 26(n¥) = nbd + o = O:(m9).

Since this is a total derivative, it vanishes when integrated, so the action is
indeed supersymmetric.



SUSY algebra

We know Poincare algebra denotes all possible isometries in Mikowski space.
If P(3,1) is the Poincare group

P(3,1) = {F : R*! - R¥| 1, dx"dx" = nu (dF(x))“(dF(x))"}.

Definition
The Poincare algebra is the Lie algebra of Poincare group P(3,1). It is a ten

dimensional complex Lie algebra that has as generators
JV =i(x"0" — x¥0") and P, = —id,. The Lie commutation relations are,

) [FRI0)

2) ‘ [Juv,Jcrp] _ i(no,quu + nVUJ”p _ np,chn/ _ npr,ua) ‘

3) ‘ [Juvv ’Dp] = "(nuva - nvau)




The SUSY algebra is an extension of Poincare algebra, containing spinorial
generators Q. They transform under,

Q. = exp (;aw> Qu,

in which o,, = %(auav —o0,0,) and w,, is the infinitesimal parameter
wyy = Ny — 0,y For vectors transforming under Lorentz,

Iv') = exp(ia"P, — iMy,w™) |v) = Ulv).

his means that,

V) =Ulv),
1) = Qu |v).
Therefore,
') = Q. |v)
= Ulb)=Q.Ulv)
= |b)=U"'Q,U|v).
Thus,

. = UTQLU.



With this, we have that,

Qo = exp (—ia" P, + iM,w") QL exp (ia" P, — iM,,w")
= Q + i@ [Qq, Pul + i[My, QJw™.

Therefore,
r LV 1 LV !
8Qn = ia"[QL, Pu] + i[M,, QLlw™ = —Eom,w‘ Q..

Thus,

[Q4: P =0,
[MMW Qa] *UMVQI .




Now, considering M,,, P, bosonic operators and Q, fermionic, to make this
a Super Lie algebra in accordance with theorem of section 2.2, we imply the
anticommutation condition,

{Qa, R} = QuQs + Q3Qq,
since @, is an spinor operator,
[Qaa Q,B]super = {Qou QB}
So, for our purpose, it is a super Lie algebra. And,
{Qa, Q) = CSBPM + /\ZZMMV'
Now,

[PIL7{QO¢7QB}] = PILQaQﬂ + PMQﬁQa - QaQﬂP'u - QﬁQaP'u
= QuQsP" + Qs QuP" — QuQsP" — Q3QuP" =0.

Thus,
AZ;[P”, M,]=0 = )\g’g =0.

[{Qa Qa} = (<7)Pm|




Using Jacobi identity between generatos M,,, Q. and Qg, we can show
(with a quite hard algebra) that Cap = Opp- So, just by adding a fermionic
generator into the algebra, we find a Lie Super-algebra that non-trivially
commutes susy symmetries with space-time ones, which evades the result
from Coleman-Mandula theorem.

In this context, each Q, is a susy operator, and susy transformation are
N*Qq, Where each n® is a fermionic variable.



RNS superstring

For our next example, we will increase the difficult by considering a (2,2)
dimensionam supermanifold. A physical interesting example of such system
is RNS (Ramond-Neveu-Schwarz)superstring, which is one of the main the
approaches to add fermionic degress of freedom into strings (the other two
being the Grenn-Schwarz formalism and Pure Spinor formalism).



Let the RNS superstring action be
S— / dr dor (04 X0 X — im0 tb—py — 7Oty m) -

Where X™ denote the string bosonic coordinates and ) denote the
fermionic coordinates (as we will see, they Weyl spinors, which are
components of the Dirac Spinor) and the string Worldsheet are written in
light cone. Taking the transformations



SX™ = it T + e,
51/JT = CE+8+Xm,
SP™ = a0 X"



we get
5S = /dT do { (ia™ 04T + ia=0™) O X + 02 X™ (16T O_tpim + 0™ O_1h_p)
— i O_X"Op ) — PO (ofﬁ,Xm) — i XM Py — ipTo_ (a+6+Xm)

:/d7dg{ia+6+( PO Xp) + ia— 0 (6704 X) | = 0,



In order to find the SUSY generator, we introduce the superfield
X"(1,0,07,07) = X"(1,0)+i0 YT (1,0)+i0" " (1,0)+i0T0"F"(1,0).
Acting with a SUSY transformation on the superfield, we have

(T Qs+~ Q) X™ =6X" 4+ i6T6¢T + i~ 6¢™ +i0T0~5F™.
Therefore, disregarding the 6 F term, the action of the generators is

Q+Xm == (I¢T - IH+8+Xm) + /4m7
QX" = (ip™ —i9~9_X™) + B™,

where the extra terms depend on the other field. Thus,we can state,

0

Nt
:aaﬁ— 00z,

Q+

with
AT = Q. (/'0*9* Fm) , B™ = Q_ (/'9*9* F’") .



In principle, this extra term is arbitrary. However, when we try to close the
algebra, we get

[62,61]X™ = 65 (iaf YT + iy ¢™) — 61 (iag ¥T + iy ™)
= [-2iaf ag 04 — 2iay ay 0_] X™ = 6FX™.

Similarly,
[02, :1]0T = [2iaf a5 0497 — 2iaf af 0:v7]

which does not close off-shell. We can remedy this by including auxiliary
terms in the action.

S= /dT da(8+Xm8,Xm — MOy — Ty ,_—m,_—m).



Note that, under Euler-Lagrange equations, F™ = 0, so this auxiliary field

plays no role in the physical theory. Considering the expressions previously
found for Q,

XM = (a+Q+ + a_Q,) xm
=a’ (iwf — i OLX™ 4+ 0" F™ + 9+9_8+1/)T)
+a” (iz/JT — 0T O_X™ — 0T F™ — 9+9_8,¢T)
=ia YT +ia” " +i0" (—at 0, X" —a” F")
+i07 (—a”0_ X"+ atF") + 070" (—iat 0T +ia” 0_yT) .
Comparing this with
OFX™ = 6 X™ + i9+5°‘1/)ff + 076%™ + 9T 6F™,
we obtain the complete transformations,
XM = ioﬁwZ_’ +ia" Y™,
YT = —at 0y X" —a” F,
0YM = —a"O_ X" +aTF™,
0F™ = —iat o™ + ia”0_yY.



ith this, the algebra closes off-shell. For v, the expansion is
[(52, 51]1/JT = (52 (— +8+Xm - Oé; m) - (51 (—oﬁéLX”’ - a;F’")
= —a70; (iag 7 + iay ) — ay (—ied 019" + icy O_T)
+ a3 04 (iaf T + iag ™) + a5 (—iaf 0" + iay 0_Y7)
= [-2iaf af 04 — 2iay a5 0_] 7.
For ™, we similarly have
[52,51]1/}T = 52 (—Oél_a_Xm + Oéme) — 51 (—042_8 XM + Ozszm)
= —a; 0_ (iag T + ia ) + af (—iad 044" + iag O_97)
+a; 0_ (iaf ¥ +ioag ™) — of (—iaf 0.0 + iay O_YT)
= [-2iaf 03 04 — 2iag oy O_| Y.
Finally, for the auxiliary field,
[02, 01]F™ = 62 (=i O™ + iag O_¢T) — 61 (—iag O™ + icy D)
= —iof 0 (a3 0-X" + a3 F™) +ia; 0— (—az3 0, X" —a; F™)
+ia3 0y (—a7 O-X"+af F™) —ia; 0_ (—ai 04 X™ —ay F™)
= [-2iafaf 0, — 2iay oy O_] F™.



Moreover, from the supercharges we note that

0 0
(01 0) =2 (g0~ 070, ) 5z~ 1970 )

= [/3+ -+ 19 5+i — 9+3+% = *2/8_,_,

00+

|
{Q-, Q- }2(82 i08_> <6§—/0 o >_—2ia_,
(0100 = (5 - /ew) (5=~ 1070-)

9 9 .o\

Equivalently, in spinor notation,
{Qau Q,B} - _2IO-ZB827 [Qou Pa] = O

Where ¢° and ¢! are 2 by 2 Pauli matrices. We also introduce fermionic
covariant derivative generators,

0

g% +i070x.

Dy =



They anticommute with the SUSY generators. Explicitly,

0 . 0 .
{D:, Q)= <6¢9+ + ’9+3+> <5,9+ - ’9+3+>

0 ) 0] )
+ <89+ — 10+8+) <89+ + 19+8+> = 0,
0 L 0 o
{D_7 Q—} - (89 + i0 8_) ((99 — i 8_>
o o .\
{D+,Q-} =0, {D-,Q+}=0.
Therefore,
JQ(DaQS) = Da(50¢)'

I.e, the derivative transforms supersymmetrically just like the field.
Moreover,



Dy X™ = i+ i O, X + i07F™ + 61070, 4,
D_Xpy = it)_m + i070_ Xy — i0T Fry — 070~ 0_1p .

Thus,
D, X"D_X, = (iwj’: +i0TOL X"+ 07 F™ 4 9*9’8+1/JT)
X (il/)*m +i070_ Xy — i0TFpy — 9*9*8,1/4,,7)

— T O (T — Oy X ) 407 (VT X — Fp_ )
F 007 (FTFpy 4+ 04 X0 X — b7 s — 0™y 0b_ ) -



Taking the Grassmann integral gives
/d9+ df™ Dy X"D_Xpy = F"Fp+ 01 X"0_Xm — i (W] O_tqm + ¢T8+1/J,m) ,
which is the Lagrangian. Thus, the action can be written as,

Skrns = /dT doddt di~ DL X™D_X,,.

Which is a nice generalization from the bosonic string. This superspace
formalism allow us to deal with the theory with manifest susy. The algebra
closes off-shell and we don't have to add nothing.



WZ superfields

Wess-Zumino model was the first QFT explicitly supersymmetrically to be
worked on.
We first start with an action mixing bosons and fermions,

5= [ dx| = 0npomp — iBa(6™) POt~ 7 (w04 50)

As we can see, this is just a free Klein-Gordon action with a massive Dirac
spinor action. The number of degrees of freedom,

tbosons = #{p, 5} = 2,
#fermions = #{¢17 Q/;h 1/}27 Q/ZQ} =4

So we add two bosonic auxiliary terms, F and F, and alter the action,
S= / d*x [ Ompd™ P — i (5™)P Omihs + FF

m (wF + @F — %w“wa — ;WP) }



The SUSY transformations are

Sp = V2Xp, 53 = V2X,
e = iV2(0™N)aOmp + V2o F,  09% = iV2(6"N\)Om@ + V2AF,
6F = iV2X6™ i), 6F = ivV2A0™Opm).

To make it manifest, we use superfield,

)

(0(y.0) = oly) + V20"sialy) + 0°0aF(y)

(8(7.0) = 2(7) + V2520°(7) + Ba0°F(7) |

And write the variation,
00 = (A"Qa + X Q%) @
= Omp 0y™ 4+ V2100 00% + V20%0pihe Y™ + 0%000mF y™ + 02604 F + 0,60“F,

where

dy™ = —2ixc™0, Sy™ = —2i\g™0, 5% = \%, 50 = Mg



Under this, we find the susy generators

0 a(gmy. O
Qu(7,0,8) = 5z = 20 (0o
oD 9
(y,0,0) = —= — 2i(c™*)0,
Qy.0.8) = 57— 20V

Note that they are not defined inder the same coordiantes. By requiring that
Dy® =0 (chiral field), D,® =0 (anti-chiral field),

we have the derivative operators, in (y, 6, 67) coordinates,

W om O = 0
Da = 3(1 + 2/9 Czocia > Dd = _769_(54’
n (7,6, 0) coordinates,
= 0 .
Da = Ou, Dd = 7% — 2/060gda_m

Also,
{Douég}:{Do'uQB}:Ov {Davoﬁ}:{Dd’QB}:O'



Thus, we may write a general renormalizable expression in (4]4) superspace

involving chiral and anti-chiral superfields
Swz :/d4x[/d49&>¢+/ (eq>+ M2 4 3q>3)
~( - M- Z =
d’0(ed+ P+
ofer(wgeie))
That is the Wess—Zumino action. We can also write everything in the same
coordinates by writing in coordinates (x™, 6,0) such that,
—i(Aa™0 + \5™0), 50% =\, 505 = A
i0o™f. Thus,

ox™ =

In that sense, we find that y 3
since the variation is A*Q, + A\a Q
m— —i(Ac™0 + A5™0)

(A*Qq + A4 Q"’)X'" = x

= x" +ifo™d and y"



Also, making the change of coordinates, the derivatives are written as,

0 p— + (5™, 0

Doz = 3~ 0 o e_d ) .
* "Tad oxm 80(1 oxm

00~

Notice that we raised the index in D term. Since everything in written in
the same coordinates now, we can rewrite the action, and we have,

- 1
Swz = / d“x[ — Ompd™ @ — 0O + FF + AF + M(pF — Zu))+

+g(0*F — v *Pap) + AF + M(@F —



Super Yang-Mills
We are still dealing with a (4|4) superspace, so the operators @ and D
remain form Wess-Zumino. As we know, Yang-Mills theories are constructed
based on gauge symmetries that the action must obbey. In SYM, we are
insterested in constructing susy versions of it. We may start by writing QED
action, in the massless case,

uv
S = /d4x [— F”V4F — iS\DA}

Since we have a gauge invariance condition for the vector A,
A, = Ay + 0up(x),

we thus have 3 bosonic dof in this action and 4 fermionic dof. We apply
again the superfield formalism and add a bosonic term,

F, F% - 1
_ 4 e 19
S—/dx[ 2 /)\D)\+2d}.

The SUSY transformations now are,

0A, = ot X\ + inah A,
e = Fuu(0""n)a + inad,



Note that A is used to write the susy transformation of A. It is the
superpartner of the photon, the "photino”. There is another way to write
the action in term of the superfield strength (a generalization of F,,):

1- - 1 =
Wa:—ZDQDaM Wd:—ZD2DdV,

where V = VT = V/(x;0;0) is a real superfield, such that:
SV=iAN=A) = 6W,=56W,;=0,

for A chiral: AT anti-chiral.
With this invariance, we may write V in the Wess-Zumino Gauge:

_ I __d
V = 00" A, + i60(9X) — i0(0A) + 0000 .

With this, we have:

51:/d4de20 WaW“+/d29_V_V"‘VT/d}



Now, to properly write the sSQED action, we need to write the interaction with
matter.
To write the matter part, we use the superfields:

O(y,0) = d(y) + V204(y) + 00F (y),
(v, 0) = 7(y) + V20x(y) + 00E(y),
where ¢, T are, respectively, the selectron and spositron, and v, x are the electron

and the positron.
The SUSY action is:

Srmatter = /d4x{/d4€5e2qv¢+i6_2qu+ M/d29¢z+ M/dzééi]

With gauge transformations (for A denoting the same chiral field as before):

0% = (e¥ — 1%, SV =i(A=N),
0% = (e 2N _1)T.

db = (e7%N —1)0,

5% = (XN — 1),

And susy transformations,
60 = (nQ +7Q)®,
0 =(nQ+ ﬁo)z.

Which were already shown in the WZ model. Then, the action is,

SsQED = S1 + Smatter-



This is just a toy model, but it allow us an important intuition, we are
extending a physical theory by making it susy, which is believed to be valid
for high energy limits. By allowing this susy structure (which was already
worked out in WZ model section) we extend space time symmetries
non-trivially.
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