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Topological quantum field theory (TQFT) comes from an
intimate relation between physicsts and mathematicians
trying to understand the relations between geometry,
topology, knots, loops and the quantum theory

British mathematician Michael Atiyah proposed to quantum
field theorists two challenges: finding physical
interpretations of Donaldson polynomials and knot theory

Michael Attiyah
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Physicsts and mathematicians were working
together in these fields for a long time

Mathematicians Simon Donaldson and
Andreas Floer developed the study of
topological invariants of 3- and 4-
dimensional spacetime using ideas from
Yang-Mills and classical field theory
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There was still no clear connection to
quantum theory Simon Donaldson




Introduction

Topological invariants are properties of spaces that do not change when you stretch, twist
and deform it in many ways (that don’t involve cutting it) = Forinstance, a space is
simply connected when every point can be connected to each other and every loop can be
smoothly deformed to a point

Lo o b

simply connected simply connected not simply connected  not simply connected
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The mathematical study of knots has been in
development since the 18th century, when
mathematicians noted the importance of
topological features to understand their properties
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A knot is an embedding of a circle in 3d Euclidean
space — two knots are equivalent if they can be
transformed into one another via smooth
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Introduction

A fundamental problem in knot theory is to determine wether
two descriptions represent the same knot

In 1984, Vaughan Jones made one of the most important recent
discoveries in knot theory, of a topological invariant that assigns
a polynomial to each knot

The coefficients of this polynomial encodes topological
properties of a given knot

ga Jones
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Introduction

The origin of TQFT can be thought of as
happening with the papers [3,4] by Edward
Witten and [5] by Albert Schwarz

Thus we categorize them as two types: Witten-
type topological field theories and Schwarz-
type topological field theories

In fact, Witten-type theories are those closely
related with Donaldson-Floer theory and
Schwarz-type are related to knot theory and
Jones polynomials

: Albert Schwarz
Edward Witten
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Introduction

In this presentation we will explain how these are defined and indicate the relations of
these theories with the challenge proposed by Attiyah

In the last part, we will use Chern-Simons theory to deduce a topological invariant from
knot theory: the self linking unmber

Chern-Simons, however, is a gauge theory. Therefore, before talking about TQFTs, we will

need to talk about the topology of gauge theories and how to obtain topological
invariants using them



Gauge theories and topology

A field theory can be understood as a fibre

bundle, which is a composite manifold whose , \
base is the spacetime and the fibres are the ')\
configuration spaces
{
This can be understood as “glueing” a copy of |
the configuration space in each point of ’
SpCICetlme fibre
Configuration
base manifold
space

Spacetime

fibre bundle
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configuration for every point of spacetime ')\
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Spacetime
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/
T | . ¢ (x")
The field histories in this formalism are sections
of this bundle, which is a map that gives a field ,
configuration for every point of spacetime ')\

| Other
section

Different histories give different configurations ’ ‘ ¢
for each point, so they represent different
sections J

base manifold

Spacetime

fibre bundle



Gauge theories and topology

The field histories in this formalism are sections
of this bundle, which is a map that gives a field , \ <
configuration for every point of spacetime ')\

: : : : : Oth
Different histories give different configurations ’ ‘ ¢, =
: : section
for each point, so they represent different
sections j

The space of all physical histories/states is, ¢

base manifold

therefore, the space of all sections over a bundle Spacetime

fibre bundle
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Gauge theories are defined in associated bundles, which are constructed from representations R
of a given Lie group (

Gauge symmetries are understood classically as redundancies of the physical states related by a
gauge transformation, so we take

¢ ~ ¢ f o' =R(9)p, g€ G

and consider them as the same state. Then we redefine our space of physical states as only those
that are physically inequivalent — this is called the moduli space of solutions

Our equations of motion need to be written in this space using only gauge-invariant quantities
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Gauge theories and topology

As we have seen, the ordinary derivative 6# is not a gauge invariant quantity, so we need to
define a covariant derivative

D,=0,+194,

where A, = A t* is a matrix in the algebra of the Lie group and ¢ are the generators of the
algebra in a given representation. The Lagrangian of the theory is thus written in this space of
physically inequivalent states as

L = —%tr(F‘“’FW) + (D*¢)* (Do) + V(|6|?) for bosons

1 .
L= —Etr(F“"FW) + (iy*D, —m)y + V([91*)  for fermions

with Fw = F,t" the matrix in the algebra of (G representing the field strength
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Gauge theories and topology

We can get plenty of relevant information about the topology of our spacetime by studying the
topology of the space of states. The most important object for this is the Wilson loop, that we
will construct now:

The covariant derivative defined before serves a purpose very much like the one in general
relativity. It can be used to parallel transport physical states trough the space of states

When a charged particle moves through some space with electric and magnetic fields, its

wavefunction changes — so it also moves in the space of states. This movement is determined
by the parallel transport, which is the solution of the geodesic equation

D,p(x) =0 c 0u0(x) = igA L (x)d(x)
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Consider a curve C(az, y) on spacetime that starts at point L and ends at point Y.
The solution of the parallel transport from ¢(m) to qb(y) can be obtained by

integrating both sides of the equation along this path Y
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Gauge theories and topology

Consider a curve C(az, y) on spacetime that starts at point L and ends at point Y.
The solution of the parallel transport from ¢(:c) to qb(y) can be obtained by
integrating both sides of the equation along this path

Y
o)~ 9le) =g | dFAE) = 9) = 0(e) i [ dAIo) O
and then reinsterting this solution onto itself y/
60) = 6@ +ig [ ar Ao +ig [ da ()]
C(z,y') C(y'.y)
= ¢(z) +1ig / dz' A, (2)p(x) + (ig) / dz" / dz" A, (2)Au(2) (%) X
C(z,y) C(z,y') C(y'.y)
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We repeat this procedure iteratively to get the final solution. Notice, however, that if we
parametrize the curve by §, the first iteration becomes

d(y) = o(z) +ig /0 dsﬂA“(z(s))qb(z(s)) C(1)

ds
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We repeat this procedure iteratively to get the final solution. Notice, however, that if we
parametrize the curve by §, the first iteration becomes

L dz
0) = 9(a) +ig | ds T A" (a(5)(x(6)
and the next one
0) = $(o) +ig [ ds e A,(:(3))0(a) C(s)

1 S1 dz"1 dzH2
+ig)* [ dsi [ dsam T A (a(s1)) Ay ((52)) (2




Gauge theories and topology

We repeat this procedure iteratively to get the final solution. Notice, however, that if we
parametrize the curve by §, the first iteration becomes

dz*

0) = 9(a) +ig | ds T A" (a(5)(x(6)
and the next one

6(z) + ig / s 2 4, (=(5)) () C(s)

+(ig) / ds, / sy T A (a(51) A (2(32)) (2

dsi

We repeat this procedure infinitely, getting to infinitesimal divisions of our path
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The resulting solution becomes exactly the Dyson series that we previously used to define the
path integral

o) = S D" [y [ [ o, T (F A o0 )

n J

which allows us to define the path-ordered exponential (just like the time-ordered one)

6(s) = Pesp (ig |

C(z,y)

dz"4,(2) ) #(@)



Gauge theories and topology

The resulting solution becomes exactly the Dyson series that we previously used to define the
path integral

o) = S D" [y [ [ o, T (F A o0 )

n J

which allows us to define the path-ordered exponential (just like the time-ordered one)

¢(y) = Pexp (zg/ dz“Au(z)) o(x)
C(z,y)
This object is an operator containing information about how !t has nor?-locul
a state changes when we move it along a curve C(z, y) in > information about the
spacetime theory
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Gauge theories and topology

We call this object the Wilson line

U(x,y) = Pexp (z’g/dz“AM(z))

For an abelian theory, since the matrices A,,(z) commute with each other at different points
of spacetime, we can ignore the path ordering and write it simply as

U(x,y) = exp (z’g/dz“Au(z))

To get physical information about our theory, however, we need gauge invariant objects. How
does the Wilson line transform under such a transformation?
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Let us consider the Abelian theory first: Suppose A, —+ A, — J,a. This yields

U(xz,y) — exp (/

Apdz" + / 0, dz“) = €Xp (/ A, dz" + o(y) — oz(a:)) — ea(y)U(w,y)e_a(“’)
C C C

so it’s net invariant. It transforms as U(x, y) — eo‘(y)U(CBa y)e_a(w)

If T = Y, however, this object becomes invariant. We define, therefore, the Wilson loop as a
Wilson line around a closed path (a loop)

W(C|=U(x,x) = exp]{ dzl'A,
C
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Gauge theories and topology

For non-Abelian theories, we have A, —+ A, — D,a , and this calculation generalizes to

U(x,y) — Pexp (/

A, dz" "‘/ Do dzu) = 6a(y)U(w,y)6_a(w),
¢ C

where these 3 terms are now matrices that do not commute with each other. The gauge
invariant object is then defined as the trace of the Wilson loop, since, due to its cyclic

property,

tr W|C| = tr (P exp]{j

dw“AM) — tr (ea(m)W[C]e_a(‘”)) tr (e_a(x)ea(‘”)W[C]) = tr W|C]
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Gauge theories and topology

Geometrically, this gauge invariant object is known as
the holonomy. This is the object that contains
information about how a quantum state changes when
we go around a loop on spacetime

It is, therefore, not a function of spacetime, but a
functional of the curves. This gives non-local
information about the geometry and topology of
spacetime

The most direct application of this concept appears in
the Aharonov-Bohm effect
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Aharonov-Bohm effect
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magnetic field B pointing in the z direction —
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split : E recombined

Solenoid



Gauge theories and topology

Aharonov-Bohm effect

Consider a solenoid with current [ that produces an internal
magnetic field B pointing in the z direction

If we constrain the electron to remain outside the _’___/
solenoid (for instance, surrounding it with an
insulator), we have B = 0, ]f =+ 0 and gb — 0, A
then the Schrédinger equation becomes i
L (iV + )2y — i
2m

Ot
withh = 1.

T

LA A" A" A" A" A" A" A"

s
o

)

Beam
recombined

w2
o
—
-
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—
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Aharonov-Bohm effect

B
It’s well know that this equation has the solution ==
b
— — . - e : ra—
Y(r) = Y(Tg) exp (ze / dr’ - A) o
m . S
"o ‘-'

{21 >4
) 4
Beam : > Beam
split : E recombined

Solenoid
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Aharonov-Bohm effect

B
It’s well know that this equation has the solution =
—
>+
7 . 4 -._"""""
$(7) = (7o) exp (ie / i’ - A) S=
r :=:
’ =3,
Ci_ﬁ__!_t}A
So if the electron completes a loop around the A —— A
solenoid, its wavefunction acquires a phase Beam 1 Beam

split recombined

LA A" A" A" A" A" A" A"

exp (ie 7{(1 dr - fi)

w2
o
—
-
(a5
—
(=
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Aharonov-Bohm effect

But since we have Ay = 0, this is simply equal to

exp (iefodf’o fi) = exp (ie}[gdw“Au) = W|[C)|

R

. . g__ T}A
the Wilson loop around this path! : — - :
Beam : > Beam
split : E recombined

Solenoid
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Aharonov-Bohm effect

B
But since we have Ay = 0, this is simply equal to =i
g =y
b
't I't——¢
exp (z’e]{ dr - A) = exp (ie}[ da:“AM) = W|[C] S
s
: : . & —1 A
the Wilson loop around this path! This is not a + \
surprise if we notice that the Schrodinger equation B —— -
1 O split ‘ 1 recombined
L 7\ 9 _9Y :
2m( iV +eA)“y i E

is nothing more than the nonrelativistic approximation of
the parallel transport equation: 9,9 —ied, ¥ =0
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o
—
-
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—
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Aharonov-Bohm effect

B
This is a simple example of the holonomy measuring the =1
e o ° . . ’ -“i
non-triviality of the underlying spacetime’s topology D
 ——
s —
:=-
€ g1 T
o .__F
A — b 4
Beam : > Beam
split : E recombined

Solenoid
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Aharonov-Bohm effect

B
This is a simple example of the holonomy measuring the e
e o ge . . , g T
non-triviality of the underlying spacetime’s topology D
—
e
In fact, when we consider the space available for f=§ -
. , e Sk
the electron to propagate being only outside the X s A
solenoid, we’re imposing it to live in a space that is Beam ; Beam

split recombined
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Aharonov-Bohm effect

B
This is a simple example of the holonomy measuring the e
e o ge . . , g T
non-triviality of the underlying spacetime’s topology D
—
e
In fact, when we consider the space available for f=§ -
. , e Sk
the electron to propagate being only outside the X s A
solenoid, we’re imposing it to live in a space that is Beam ; Beam

split recombined

not simply connected

LA A" A" A" A" A" A" A"

Loops that surround the solenoid cannot be smoothly
deformed into a point

w2
o
—
-
(a5
—
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Topolodical QFTs

Overview of BRST quantization

Topological quantum field theories are, mostly, gauge theories.
Consequently, before dealing with the topological features of the theory
we need to deal first with the problems of quantizing a gauge theory

In this work, we assume those problems are already dealt with using the
formalism of BRST quantization

In the following, we summarize the most important notions about a gauge
theory quantized using this method
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Topolodical QFTs

Overview of BRST quantization

We consider our theory with a collective field content denoted by (I) Inside
this field multiplet we have gauge fields, ghosts and Lagrange multipliers
used in the Dirac quantization method

Using Noether’s theorem, we can use the invariance on BRST transformations
of the theory to deduce a conserved charge which is the eingenvalue of an
operator ()

We can prove that this operator is nilpotent: Q2 — 0, and so it defines the
cohomology classes
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We also have that all physical states must be BRST-invariant, so

Qly) =0
and therefore these states are exactly the cohomology classes of this
operator



Topolodical QFTs

Overview of BRST quantization

We also have that all physical states must be BRST-invariant, so
Qly) =0

and therefore these states are exactly the cohomology classes of this
operator

This symmetry transformation also induces the following variation for a
general operator O(®) of the fields

00 ={Q, 0}
where {-,-}is the graded commutator: {Q, O} = QO — (—1)/°10Q



Topolodical QFTs

Overview of BRST quantization

Not only the physical states, but the vacuum needs to be also BRST-invariant

Q) =0



Topolodical QFT's

Overview of BRST quantization

Not only the physical states, but the vacuum needs to be also BRST-invariant

Q) =0
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Topolodical QFTs

Overview of BRST quantization

Not only the physical states, but the vacuum needs to be also BRST-invariant

Q) =0

and from this we get that the expectation value of any Q-exact operator

O = {Q7 O/}a

vanishes, since

(0) = (@R, 0'}®) = (2/(Q0 — (-1)?0Q) ) =0
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Topolodical QFT's

Definition

A topological quantum field theory consists of

1. A collection of fields ¢ defined on a Riemannian Manifold (M, g)
2. A nilpotent operator () , the BRST charge

3.Physical states defined to be the ()-cohomology classes

4.A ()-exact energy momentum tensor

T,ul/ — {Qa V,UJ/}

for some functional V,,|®, g] of the fields and the metric
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Topolodical QFT's

We assume our theory is defined on )f by the action S = / dr./g L
M

and define the energy-momentum tensor of this theory by the relation
o _ 208

V9 09

The dependence of the action on the geometry of spacetime is determined by how it
changes due to small variations of the local geometry — these are given by variations of the

metric
1
5,8 = = / dz+/g T, 69"
2 Ju
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Topolodical QFT's

Now we show that, if our action obeys the definition of a TQFT, then it has no dependence on
the local geometry of spacetime. The partition function is defined in Euclidean time as

Zo = / Dde P

where the integration measure is assumed to be () -invariant and metric-independent. The
variation of Zg in relation to the metric is then

5920 — /D@B_S(—égS) — /D@B_S( — %/dnw\/g T’uyég,ul/)

but since 1T, is Q -exact,

T,Lu/ — {Qa V/u/}
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we have
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Topolodical QFT's

we have
5,2 — / Do S~ = / a2 /309" (@ Vyu})
_ / poe5{Q _% / d"2\/359" Vyu
~ [ a0 with X = ; / "2/ 909" Vi
therefore

0420 = (2{Q, x}2) =0

by the BRST-invariance of the vacuum. The partition function of a topological theory is
metric-independent — it does not depend on the local structure of spacetime, but only on
global properties: Z is a topological invariant
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Topolodical QFTs

Witten-type theories

Witten-type theories are those where the action can depend on the
metric but the partition function doesn’t

This is possible when the metric dependency happens in a very specific
way —> the action functional needs to be ()-exact, meaning that

S[(I)a g] — {Qa V[(I), g]}

for some functional V[®, g| of the fields. In this case we have

2 0S5 2 oV
TW — = {Q, » } * That’s condition 4!
V9 og* V9 og*
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Topolodical QFTs

Witten-type theories

Witten’s model used to describe Donaldson-Floer theory starts from pure
Yang-Mills theory

1 ) 1
S = ) d*z./gtr(F,,F") = —25'
with F,, = 0,4, — 0, A, +[A,, A,], where [, ] is the usual commutator. He then adds a

bunch of fields, adjusts some coupling and constructs a supersymmetric theory with
the Lagrangian

]. v ]- . . v 7’ v Z 1
S, = /d4m\/§tr (ZFW/F“ + §¢D,uDu)‘ _ ’&"7Du¢“ + ZDM"vaXN _ §¢[X,UV7XM ] o §¢[777 77] o g[qb, A])



Topolodical QFT's

Witten-type theories

The field content is therefore the bosons (4,, ¢, A) and the fermions (¢, X ., 1). This
Lagrangian preserves the BRST symmetry of the original Yang-Mills action



Topolodical QFTs

Witten-type theories

The field content is therefore the bosons (4,, ¢, A) and the fermions (¢, X ., 1). This
Lagrangian preserves the BRST symmetry of the original Yang-Mills action

One can compute the energy-momentum tensor, obtaining the enormous expression:

1 oo '
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1 1 .
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Witten-type theories

The field content is therefore the bosons (4,, ¢, A) and the fermions (¢, X ., 1). This
Lagrangian preserves the BRST symmetry of the original Yang-Mills action

One can compute the energy-momentum tensor, obtaining the enormous expression:

1 oo '
T, =tr {FupFup - Zg/wF o {( Wy — p¢u)Xf + (Dlﬂpp — DP¢V)X,5
1 1 .
_EQW(DU@% — Dp%)x"p} — E(DNQSDV)‘ Dy,¢pDyA — g, DpydDPX) — i(Dmp,
. 1 1 1
—|—D1/77¢,u o g,upr’f}’pr) — 2 (A¢y¢u - ng/)\?,bp’l,bp) T Eg,w/gb[na 77] + ggﬂv[¢a )‘]2

and this object is @-exact
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Witten-type theories

In fact, we can find that T, = {Q, A}, with

1

1 1 - 1
)\/JJ/ — Etr (F,uszf T FI/pX'[f — Eg,uquJXp ) T Etr("puDl/)\ - quu)‘ — g,uz/(ppr)‘) T Zgw/ Tf(ﬁ[ﬁb, )‘])
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Witten-type theories

In fact, we can find that T, = {Q, A\ ..}, with

1

1 1
g,uVFanpa) + Etr('(p,uDy)\ + qu,u)‘ T g,uI/’(ppr)‘) =+ _g,ul/ Tf(ﬁ[ﬁb, )‘])

1
)\NV — Etr (FHPXI/ -+ FVPX/,L 9 A

This is the relation that makes it a topological theory. Moreover, if we define

1 1 1

V = ZtrFWXW —tr@b“D“)\ — —tl’( 9, A])

it’s possible to show that

1
S ={Q,V} - 8 /d4"’ br (e Fpy)
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1
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Topolodical QFTs

Maxwell action

Witten-type theories RPN P NI

This last term can be written as K
1

1 1
3 /tr(FWFp(,@w“ ANdx” ANdz” Ndz?) = 5 /tr(F/\ F) where F = EFWda:“ A dx”

—ehp dig

so it is a topological invariant (in fact, it measures the first Pontryagin class of the
fibre bundle)

Since it is a topological invariant, we can add this term to the original theory and
thus obtain a -exact action, which is a Witten-type topological theory
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1
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4
and defining the dual field strength tensor  fuw — L ghvPo
2,/9 g



Topolodical QFTs

Instantons and Donaldson polynomials

The connection with Donaldson-Floer theory appears when we consider that
the gauge part of this new action consists of

1

< / d'ztr (VgFuF" + 2B, F, )

and defining the dual field strength tensor 7w — 1 eMPOF,,

25

this becomes

1

T / d*z./gtr(F,, F*" + F,, F")
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Topolodical QFTs

Instantons and Donaldson polynomials

The classical minima of the action then implies

~

F,.=-F,

when a field obeys this relation, it is called anti-self-dual and its solutions are
called instantons

The classical solutions are of extreme importance to topological theories. This

happens because the only place where the coupling constant € appears is outside
the action

§—_Lg

e2
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Instantons and Donaldson polynomials
The consequence of this is the coupling independence of the quantum theory, since
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Instantons and Donaldson polynomials
The consequence of this is the coupling independence of the quantum theory, since
5,20 — 6. / DB exp(8' /%) = 5. ) / D exp(S'/e?) S
€

—6.(=) [ DRexp(S /)@, VY = 5.5 ) Q. V) =0



Topolodical QFTs

Instantons and Donaldson polynomials

The consequence of this is the coupling independence of the quantum theory, since
1
5,20 — 6. / D@ exp(S'/e?) = b / D exp(S'/e?) S
—6.(=) [ DRep(S /e VY =45 ) {QVY) =

therefore we can take the coupling constant to indefinitely small values and determine
the generating functional as a perturbative expansion around the classical action
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Topolodical QFTs

Instantons and Donaldson polynomials

Doing this expansion, Witten proves that Z is the first Donaldson invariant

Zo=>» (-D™

where 71; is determined by the eigenvalues of the operators acting on the fields
of the theory

These values depend on the topology of the moduli space of instanton solutions
on a given bundle

This invariant was obtained by Donaldson when studying the geometry of fibre
bundles and their relation to gauge theories, moduli spaces and instantons
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Schwarz-type theories are those where the classical action is
independent of the metric

S, = S.[®

and therefore the classical energy-momentum vanishes

2 9
T = s =0

Vg 0g"”




Topolodical QFT's

Schwarz-type theories

Schwarz-type theories are those where the classical action is
independent of the metric

S, = S.[®

and therefore the classical energy-momentum vanishes

2§
T, = >

Vg 0g"”

This automatically implies that H = Tg =0
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Topolodical QFTs

Schwarz-type theories

The gauge fixing and ghost terms, however, may end up depending on the
metric, but on Schwarz-type theories, this dependence is () -exact, which
yields the quantum action

for some functional V|®, g

The quantum energy-momentum tensor, therefore, takes the form

P = {Q’ jg 559‘:1/ }

The most common theory that satisfies these properties is Chern-Simons theory
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Chern-Simons theory

Classical action

Chern-Simons theories are low-energy effective field theories of topological phases, such
as the topological fluids of fractional quantum Hall effect

The abelian action is defined on a 3-dimesional manifold as the integral ot the Chern-
Slmons three form:

SzifA/\dA
47

where A = A ,dz" isthe vector potential 1-form and k is an integer called the level of the
theory

Since this object has no mention to the metric of the space, it is a topological invariant
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Chern-Simons theory

Classical action

In terms of the gauge fields AM, this action reads

/ ANdA = / A,8,A,dz" A dz¥ A da? = / A,8,A,6" dz0dz" dz? — / 0 4,8, A, d%z

and that’s the well know Chern-Simons term

k %
S = E et pAua,,Apd%
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Chern-Simons theory

Classical action

notice that this term breaks parity, whichin (2 4 1)d is the transformation

= 20 2t > —zl, 2% - z?

AO — Ao, Al — —Al, Az — Ag

that induces

8() — BO, 81 — —81, 82 — 82

and since every term in the sum €WPAN8VAP is multiplied exatcly once byAlor 81, we have

e"PA,0,A, — —"PA,0,A,
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Chern-Simons theory

Classical action

This only exists in parity-breaking situations. For instance when we have an external
magnetic field

In fact, when we couple this term with the
magnetic field of the electrons on the material,
the interaction yields the Hall conductivity

]\ Niagnetic T

e 1
O ry =
Y 2mh m
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Chern-Simons theory

Abelian quantum theory

It is important to notice that Wick rotating this action,
t — T

results in an extra factor if 2, which yields the euclidean partition function

ik

ZO:/DAexp(S):/DAexp[4 /tr(A/\dA%—%A/\A/\A)}

(s

Studying the semiclassical approximation of this system shows a similar relation of this
object with other topological invariant, the Ray-Singer torsion, which is related to
simply connectedness of manifolds
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Chern-Simons theory

Quantum theory

Our aim at his section, however, is to look at other topological invariants of the quantum theory,
namely, the VEV’s of the Wilson loops:

(Wly]) = /DA exp(2S) P exp (i}[d:c“’AM)
Y
which is know as the Wilson loop operator of a theory. We work with the abelian version of the
theory 7

T 4w

S P A ,8,A,d%x

and consider the Wilson loop along a composite curve v = y1 U 7yoU. .. given by the union of
an arbitrary number of loops



Chern-Simons theory

Wilson loops, knots and links

Each one of these loop can be interpreted as a knot, and their union is called a link — these
curves may of may not be intertwinned, and we sill se that this information is contained in the

Wilson loop operator of this theory

(0 OO
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Wilson loops, knots and links

Parametrizing this curve asy(t) = (2" (t)) we can rewrite the Wilson loop as

exp (i]{da:“Au) = exp (z’/ds dz;‘is) Aﬂ(s)) = exp (z’/d?’mJ“‘Aﬂ)

where
J“(w) _ /ds dz“(S) 5(w B z(s)) _ j[dz“cS(:E o z) can be seen as a current
ot

ds running along the loop

then

(WiH]) = / DAexp i / Pa(4,6)" 4, + T4,



Chern-Simons theory

Wilson loops, knots and links

Parametrizing this curve asy(t) = (2" (t)) we can rewrite the Wilson loop as

exp (i]{da:“Au) = exp (z’/ds dz;‘is) Aﬂ(s)) = exp (z’/d?’mJ“‘Aﬂ)

where
J“(a:) _ /ds dz“(S) 5(w B z(s)) _ j[dz“cS(w o z) can be seen as a current
ot

ds running along the loop
then
_ . 3 —1yuv ; —1lypuv __ k Uvp
(Wlv]) = | DAexp {z d :c(AN[G |*A, + J A#)] » |G = - 0,

the inverse of the propagator
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and this integral can be easily evaluated
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where , ,
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Is the propagator in the Feynman gauge



Chern-Simons theory

Wilson loops, knots and links

and this integral can be easily evaluated
i i
Wi =exp (- 5 [ [ dyr @Gl - )7W) = e { - 3101},

where ,
~ 2T € voD
G,Lw(p) — L Mppz N G,W/(x o y)

]
S,
~~
8
|
<
~—

Is the propagator in the Feynman gauge. Then

2 € 4y 0P
Iy = /dga:/d?’yy{dz’fy{dzgé(m — 21)0(y — 22) ;T MDP é(x — )
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Wilson loops, knots and links

but

Ih)= -7 / P / iy ]{ dz" ]{ A20(z — 1) 0" [%5(.@ )|y )




Chern-Simons theory

Wilson loops, knots and links

but I[y] = _% /d3m/d3y]{dz‘f ]{dzgci(a: — Y)E€ uvp0” [%5(33 — 21)]5(3/ — 23)

1
— —% /dgm ]{dz‘f fdzlzjgw/pap [E(S(x - zl)] 5(£B _ 22)
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Wilson loops, knots and links

but I[y] = _% /d3m/d3y]{dz‘f ]{dzgci(a: — Y)E€ uvp0” [%5(33 — 21)]5(3/ — 23)

s 5 1
= -7 /dgm ]{dz‘f ]{dzzswpap [55@ — zl)] d(x — z9)
T 5 1
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Wilson loops, knots and links

but — /d3 /d3 %dzl ]{dz'2/5 5“1/,08/0[ 5(56 — z1)5(y — 22)}
— _% /d3 %dzl ]{dzzaw/p O(z — 21)d(x — z2)}
= _—— 7{dz1 j[dzzeu,,p (21 — 22)}

Moreover, since the loop is closed, this current must be conserved, 5’MJ“ = 0, and this implies that
it is the curl of another vector

Jh = ehd,K,



Chern-Simons theory

Wilson loops, knots and links

And this new field has a kind of “gauge invariance”, since

K, — K,+ 0,




Chern-Simons theory

Wilson loops, knots and links

And this new field has a kind of “gauge invariance”, since

K,—-K,+0,a = J,=¢"P0,K,+¢e""0,0,aa =e""0,K,




Chern-Simons theory

Wilson loops, knots and links

And this new field has a kind of “gauge invariance”, since
K,—-K,+0,a = J,=¢"P0,K,+¢e""0,0,aa =e""0,K,

we can then choose the “Lorentz gauge” OMK“ — (0, and that would imply this field being
also a curl

KHF — 8“"'08,,ng



Chern-Simons theory

Wilson loops, knots and links
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Chern-Simons theory

Wilson loops, knots and links

And this new field has a kind of “gauge invariance”, since
K,—-K,+0,a = J,=¢"P0,K,+¢e""0,0,aa =e""0,K,

we can then choose the “Lorentz gauge” OMK“ — (0, and that would imply this field being
also a curl

KHF — 8“"'08,,ng

hence,

JH = eMP8,e,520° ¢ = (8485 — 0h0,) " = 8" g™ —Lgp* = —Igp*
N——~

Lorentz again
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So we have

_|:|¢,LL:J/~L —— ¢/~L:_%
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So we have I
_|:|¢,u — JN —— ¢/~L — _ﬁ

thus

K,u’ — Elu’ypay¢p
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So we have

JH

_|:|¢,LL:J/~L — ¢/~L:__

thus

Kk = 09,9, — e,

[]
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So we have
—O¢H = JH = ot = ——

thus

KF =e"Pd,¢, = —e“ypé‘y(ﬁ) = — %dz“e“"pﬁ,,(ié(w — z))

and we see that

1
]{dzl ]{dzzeu p8” — (21 — zz)]
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So we have
—O¢H = JH = ot = ——

thus

KF =e"Pd,¢, = —e“ypé‘y(ﬁ) = — %dz“e“"pﬁ,,(ié(w — z))

and we see that

1 2
]{dzl ]{dzzeu p8” — (21 — zz)] = ijdz‘fK
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But using Stokes’ theorem,

— —

AP K, = Az - K= | dS-(V x K) = [ dS, """, K
oY g oY > : £
Y= Y=

where); is the area enclosed by the loops
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But using Stokes’ theorem,

— —

7{ d2'K, = dz - K = / dS - (V x K) = / dS,c""8,K,
y=0% y=0% )
where); is the area enclosed by the loops, then

_27r

k

2
Iy / dS,e"r9,K, = —- / ds,J"

k
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But using Stokes’ theorem,

— —

7{ A" K, = d7- K = / dS - (V x K) = / dS,e"d,K,
y=0% y=0% )

where); is the area enclosed by the loops, then

B 2T 2T

Ih) == / A8, 0, K, = =~ / s, J"

this integral is precisely the flux of the current J* through the surface )J, so it counts the
number of times the curve ? pierces through )]
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But using Stokes’ theorem,

7{ d'K, = i K = / dS - (V x K) = / dS,"", K,
=0 yY=0X 2

where); is the area enclosed by the loops, then

B 2T 2T

Ih) == / A8, 0, K, = =~ / s, J"

this integral is precisely the flux of the current J* through the surface )J, so it counts the
number of times the curve ? pierces through )]
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Invariant
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This integral is denoted the Gauss linking number 71+ of these knots, which is a topological
Invariant

If 7Y is composed of just 1 knot, then this is the self-linking number of this knot. This is a
topological invariant, so is the Wilson loop operator

27’(”&7’1/}/

Wiy =e™
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This result has other implications, such as the fact that the particles of this theory are anyons,
which are particles with both fermionic and bosonic prioperties

The analysis of Wilson loops of the nonabelian action can also be done using the action

ok 2 k(s 2
S—E/tr(A/\dAJrgA/\A/\A) _—/d vetr (A,0,A4, + SAMA,,AP)

47
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This result has other implications, such as the fact that the particles of this theory are anyons,
which are particles with both fermionic and bosonic prioperties

The analysis of Wilson loops of the nonabelian action can also be done using the action

ok 2 k(s 2
S—E/tr(A/\dAJrgA/\A/\A) _—/d vetr (A,0,A4, + SAMA,,AP)

47

and this leads directly to the Jones polynomials
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Many things are still being done in the areaq, for instance, the study of large gauge
transformations and the winding number of the gauge groups

There’s also plenty of connections to topology as in Gromov’s theory, Casson invariants

It’s closed related to supersymmetry and string theory

We can see, therefore, that it’s a very hot topic, with new things being recently developed



Thank You
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